COLLEGE OF COMPUTER AND INFORMATION SCIENCE

4 Y

‘ Ordinal Notations I

Theorem (Cantor Normal Form) For every ordinal a # 0, there are unique
a1 >ag > >a, (new\{0})st. a>a;and a =w* + -+ 4+ WY,

Corollary For all a € €, there are unique a; > as > -+ > a,, > 0 (n € w),
p €w,and x1,...,x, € w\{0}, s.t. @ > a7 and
a=wry + -+ wx, + p.

CNF.a=((CNF.cq . 21) (CNF.ay . x9) ... (CNF.aipy . ) . D)

This representation is exponentially more succinct than the ACL2
representation.
Succinctness is critical for algorithms.
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‘ Helper Functions I

atom(a) ;false iff a is a list
|a| ;the length of a

fe(a) ;the first exponent of a

atom(a) : O

true . first(first(a))
fc(a) ;the first coefficient of a

atom(a) : a

true :  rest(first(a))

F#a ;the size of a
atom(a) 1
true :  #fe(a) + #rest(a)
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‘ Ordinal Ordering Function I

cmp,(a,b) ;ordering on ordinals
atom(a) A atom(b)

atom(a)

atom(b)

cmp, (fe(a) ,fe(b)) # eq
cmp,, (fc(a) ,fc(b)) # eq
true

cmp,(a,b)

It

gt

cmp, (fe(a) ,fe(b))
cmp,, (fc(a) ,fc (b))
cmp, (rest(a) ,rest (b))

Key Insight w*k; + w*2ky + ... w*k, +p < w* (k1 +1).

Complexity O(min(#a, #b)).
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‘ Ordinal Predicate I

cnfp(a) ;ordinal recognizer

atom(a) : a € w
true . —atom (first(a))
A fc(a) € w

A 0 <, fc(a)

A cnfp(fe(a))

A cnfp(rest(a))

N fe(rest(a)) <, fe(a)

N

NORTHEASTERN UNIVERSITY



COLLEGE OF COMPUTER AND INFORMATION SCIENCE

4 Y

‘ Complexity of cnfp I

cnfp (a) ;ordinal recognizer

atom(a) : a € w

true ;. —atom(first(a))
N fc(a) € w
AN 0 <, fc(a)

A cnfp(fe(a))
A cnfp(rest(a))
N fe(rest(a)) <, fe(a)

Complexity O(#a(log #a))
Proof Complexity given by the (non-linear) recurrence relation

T(a) c, if atom(a)
- | T(fe(a)) + T(rest(a)) + min(#fe(a), #rest(a)) + ¢, otherwise
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‘ Complexity of cnfp 2 I

T(a) c, if atom(a)
- | T(fe(a)) + T'(rest(a)) + min(#fe(a), #rest(a)) + ¢, otherwise

ﬂ

To Show T'(a) < k(#a)(log #a) + t,
where k,t are constants such that ¢t > c and k£ > 3t.

Base Case T'(a) =c <t

IS Let x = min(#fe(a), #rest(a)) and y = max(#fe(a), #rest(a)).
Note z + y = #a.

T(a) = { Definition of T" } T(fe(a)) + T'(rest(a)) +x + ¢
<{IH} kxlogx +t+ kylogy +t+x+c
<{kr>2t+xask>3t} k(xlogx+ylogy+ x)+c
< { Lemma } k(x +y)log(z+y)+ ¢
={t>c,x+y=+a} k(#a)log(#a) + t [

& NORTHEASTERN UNIVERSITY 21 J
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‘ Complexity of cnfp 3 I

Lemma x <y = zxlogzx+ylogy+z < (x+y)log(r+vy)
rlogx +ylogy+x ={ Log} xlogx + ylogy + xlog 2
= { Log } log z* + log y¥ + log 2*
= { Log } log x*1yY2*
< { Lemma} log(z+y)*"¥ O
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‘ Complexity of cnfp 3 I

Lemmaz <y = zxlogxr+ylogy+z < (xr+y)log(r+y)

rlogx +ylogy+x ={ Log} xlogx + ylogy + xlog 2
= { Log } log z* + log y¥ + log 2*
= { Log } log x%yY2%

< {Lemma} log(x+y)*™¥ O

Lemmaz <y = 2%y¥2% < (z+y)*tV
(z +y)*™¥ > { Binomial theorem } "y (a: + y)

X
>{y=>=x} z*y? (25)
> { Lemma } xyY2" O
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‘ Complexity of cnfp 3 I

Lemmaz <y = zlogrx+ylogy+ax < (w+y)10g(33+y)

rlogr +ylogy+x = { Log } xrlogx + ylogy + xlog 2
= { Log } log z* + log y¥ + log 2*
= { Log } log x%yY2%

< { Lemma} log(z+y)*"¥ O

Lemmax <y = x%y¥2" < (z+ y)w+y
(z +y)*™¥ > { Binomial theorem } "y (a: + y)

X
>{y==} xxyy<2xx>
> { Lemma } zty’2" [

Lemma (2:5) > 2%
x
(zx) (22)! _ (2)(2z—1)- (x+1) >9...2>9% [
. P x(x—1)--- —
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a +, b ordinal addition

atom(a) A atom(b) : a 4+, b

fe (&) <o fe (b>

Examples

b

Key Insight 1 o < w’ = a4+ WP = WP,

(W17 +5) +, (W*3 +4) = w?3 + 4.
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‘ Ordinal Addition I

a +, b ordinal addition

atom(a) A atom(b) : a 4+, b
fe(a) <, fe(b) : Db
fe(a) =, fe(b) . (fe(a) ,fc(a) 4+, fc(®)) . rest(b)

Key Insight 1 o < w’ = a4+ WP = WP,
Key Insight 2 Wz + wVzy = WY (21 + 2).
Examples

(W17 +5) 4+ (W23 +4) = w3 + 4.
(W?5 + w17 +5) +, (W?3 +4) = w8 + 4.
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‘ Ordinal Addition I

a +, b ordinal addition

atom(a) A atom(b) : a 4+, b

fe(a) <, fe(b) : Db

fe(a) =, fe(b) . (fe(a) ,fc(a) 4+, fc(®)) . rest(b)
true (fe(a) ,fc(a)) . (rest(a) +, b)

Key Insight 1 o < w’ = a4+ WP = WP,
Key Insight 2 Wz + wzy = WY (21 + 2).
Examples

(W17 +5) 4+, (W?3 +4) = w3 + 4.
(W?5 + w17 +5) +, (W?3 +4) = w8 + 4.
(w? + w5 + w17 +5) +, (W3 +4) = w3 + w8 + 4.
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‘ Ordinal Addition I

a +, b ordinal addition

Key Insight 1 o < w’ = a4+ WP = WP,
Key Insight 2 Wz + wYzy = WY (21 + T2).
Examples

(W17 +5) +, (W*3 +4) = w?3 + 4.
(W?5 + w17 +5) +, (W?3 +4) = w*8 + 4.

Complexity O(min(#a, |a|#fe(b)))

N

atom(a) A atom(b) : a +, b

fe(a) <, fe(b) . b

fe(a) =, fe(b) (fe(a) ,fc(a) +, fc(b)) . rest(b)
true (fe(a) ,fc(a)) .

(w? 4+ w?5 + W17 +5) +, (W23 +4) = w’ + W?8 + 4.
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‘ Ordinal Multiplication I

a *, b ;ordinal multiplication

ﬂ

a=20 V b =20 : 0
atom(a) A atom(b) :a -, b
atom (b) . (fe(a),fc(a) -, b) . rest(a)

Let @ = wMz +wW*2x0+ ... Wz, +p, B = WPy +w2ys + ... wPmy,, +q.

Key Insight 1

a-q = wa1x1_|_. . -+w0‘1:v1+- . ._|_w041331_|_. . ._|_w041x1_|_w062x2_|_. . -wo‘”:anrp
:wo‘lx1—|—~-—i—wo‘1:1:1+-°°+wo‘1(:1:1-2)—|—w0‘2x2—|—-~wo‘”xn—|—p
= w¥gy + - _|_w061($1 : 3) + w*xy + W, +p
— wal(xl : q) + w*2xy + - wx, +p

& NORTHEASTERN UNIVERSITY 29 ———
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‘ Ordinal Multiplication I

a *, b ;ordinal multiplication

a=20 V b=20 : 0

atom(a) A atom(b) :a -, b

atom (b) . (fe(a),fc(a) -, b) . rest(a)

true . (fe(a) +, fe(b),fc(®)) . (a *, rest(b))

Let « = w*r] + w2+ ... w2, +p, B = wﬁlyl —|—w52y2 + .. .wﬁmym +q.
Key Insight 1 o - ¢ = w* (21 - q) + w*2x9 + - - - W, + P

Key Insight 2

a-f=a- (Wiy +wys + ... wmy, + q)
:aowﬁlyl—|—a~w52y2—|—...a-w5mym—|—aoq

So, we only need to deal with expressions of the form a - w”iy;.
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‘ Ordinal Multiplication I

a *, b ;ordinal multiplication

4 Y

a=20 V b=20 : 0

atom(a) A atom(b) :a -, b

atom (b) . (fe(a),fc(a) -, b) . rest(a)

true . (fe(a) +, fe(b),fc(®)) . (a *, rest(b))

Let « = w1 + w29+ ... w2, +p, B = wﬁlyl —|—wﬁ2y2 + .. .wﬁmym +q.
Key Insight 1 o - ¢ = w1 (21 - q) + w2z + ... W2, + p

Key Insight 2 o - 8 = o - WPy + - wP2yy + ... - WPy, + a - ¢
So, we only need to deal with expressions of the form a - wPiy;.

Key Insight 3

a - wliy; > wMay - wliy; = w (g - W)Y = W - WPy = WPy,
a - wliy; <w(zy + 1) - wliy; = w1 Py,

thus a - whiy; = w1 Piy,.
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a *, b ;ordinal multiplication
a=20 V b=20
atom(a) A atom(b)
atom(b)
true

N

‘ Ordinal Multiplication I

Let o = wxy +w*2xs+ ... W, +p, B = WOy + w2y, + ... wWPmy,, +q.
Key Insight 1 o - ¢ = w* (21 - q) + w*2x9 + ... W, + p

Key Insight 2 o - 8 = o - WPy + - wP2ys + ... - WPy, + a - ¢
So, we only need to deal with expressions of the form a - w”iy;.

Key Insight 3 wz - whiy; = w (- W)y, = w™ - Whiy; = W HPiy,

Note This algorithm is inefficient.
We define an efficient version, -,, in the CADE paper.

0

a -, b

(fe(a) ,fc(a) -, b) . rest(a)

(fe(a) +, fe(db),fc(®)) . (a *, rest(b))
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‘ Complexity Results I

Algorithm  Complexity
cmpo(a,b) O(min(#a, #b))

enfp(a)  O(#allog #a))

a+,b O(min(#a, |a| - #fe(b)))

a—ob O(min(a, #b))

a-,b O(|fe(a)||b| + #fe(a) + #b)

expo(a,b)  O(natpart(b)||a[|b| + |fe(a)||a] + #a] + #fe(fe(a))[b| + #b)

N

NORTHEASTERN UNIVERSITY



