
i-uIHwithmteaib.mg ,
r ED

n > I

r c- {0>1,2, -

- not} -In
r= remainders at n

integer division
g- quotient (sometimes q not specified)

a_=r wed n a has remainder ratduh .

within
.

a-r=nq= multiple • f-n n / ⑨- r)
n divides ca-r)

Example 21 wad 5 = 21--5-9+1 21=-1 nods

5/(21-1) 5 divides 21 - *

• 24=-10 -=③=--fEZf-20 :S}6 3--7.0+3%-39=7 .-6/1-3
24--7-31-30 ↳

10=7.11-30



④ a⇐b und n ⇒ n / Ca-s)
iff

proof a=nq, tri a-b=

n.qetre-nqz-rz-b-nqztrz-hcqq-qjtori-ra.azbhrodn ⇒ rn=rz←→ a-b = n . something
Cove -9¥)

⇐ nlca-b)
Example 21=-11 mods

⇒ 5/(21-11)
true true 10--5--2



Mod operations .

• (atb) modu = @ wed n t bandy words

(171-4) wed 3 = ( turds 1- 4 meds) buds
0 2 + I

(91-12) mod 5 = ¢9 winds + Dined5) words
31 mods 4 1- 2

.ae#i:Iii-ie-:!:-:ri ← re
nai ④ * b@dnJmo.dn

db mod n r?⃝

17*4 wed 3 = (☐ and 's * Gundy3) words
2

2

1912 mood 5 = (19 and's * kind5) rinds
33 4 * 2



• power
Akhmed n = ( a und n * aundn . - - * a und n) und n

example 13100 mod 11--7
.

13100 = ¢§64t→+I3?Y(¥*) mod "wad 11 model

Repeated squaring a-21? 5 4 5

13 weed 4=2 = ⑤ • 4)mall • find 11 = 9.5 mdll

132 weedy = ¢3 med 4) (13 nod a) = 2.2 and a É4$
134 sarod 11--432undll ) (Hindu) = 44 end 4 -50
1138 wud 11 =434 woolly 1134 well1) - 5-5malt =3
1316=

. -
-
-

= 3- 3 md 11 - 9)
"36¥

.

- 4£,
1332= . . -

9.9 mdll = (77+4)mdll =④ -50



negatives :
5. 2 -4 wed 11 = ⑤ -2)mdk -4 und "

- I

lo=-lmd⇐ V1 / Co - fi) )

El . 4) = -4 mdll = 7
-

Factorization into F- pnhe -06 divides

only with 1,-2
Ps-P2)3,577 , 11,13 , 17119 -

- .

Granted : any nEÉhas unique decomposition into
primes

d- 12--22.3 = 22.3 75=5-5-3--52.3

48--22.2^2.3 = 24.3



G-cD=q common divisor -(ais)
Cais)

productof
def : take all common primes (with miscounts)

EI 48--240.3 175=5? 77

36--220. 32 98 - 72-2

602--22.31--12 GCD= 71

tydG Cais)60=22.3-5
50--52.2 GOD(F) %-) =$•
GCD=3! 5-1--10 "

coprimes
"=
no

GCD 1T¥ ) = 1- common factors .



pwMLY.IE?zY&zYY,Yf-.n-,iqzs...diidewith1
,
-1
,
it
,
- it

next ⇒ unique prime decomposition .

GCD= take common primesa-412=2?③ audnden repetitious in common)
5--15=3-05 GCD /12,151--3
→

a -410=025 -④
6=66--02.3 .④

G (1/966)=2^11--22

¥-27¥128,1093311) -4
6=10931--2 no "2" no trine in common



Gcdpropelies(theorems)
1) GCD Cais) = the biggest value DEZ

divides
soft

pref by contradiction
assume d- GCD (at) is Not the biggest IYER
⇒ Fog > d gla glb .

g> d ⇒ there at least a pane factor p
ing more than in d
⇒ pig⇒ play plb ⇒ pals partof GOD

.

⇒ ppafactorfd
contradiction



2) nla ; nlb
A- common divisor }⇒ n / GCD Cars)

pref exercise Case decompositions into pines
for

n)

n=pI' .pk .
- - pii ⇒ ← . . -

⇒n / D= Goobers)

EÉÉhmÉassunea>b)
• d=GCDCais)⇐> d-6cDCa#b)|ob=66subtract "one" b a-5=44

gcdN9b6)⇐gcd(%)• consequence : subtract all as

a= b. qtr E- {0 , - r . )
b-t} a -_ 22 6--6 16

GCDCaib-GCDlfa-b.iq , •b) one bsustmd : (22-0,6) , (16%6,6)
(22/6)=(22--3--6,6) .gr (10-96,6)

=GcD( r , b) all ofthem 22=6^3-+4



Euclid Algorithm

rep-et-GCD-ra-bqtruut.it/GCD
is found . a b q r

22 ⑨ 3 4
-←④ 1 ②☐

51 9 5 6

a b 9,
r

z€%"9- 6 I ③Ñ☐ €
6 3 2 0

51=3-17 } ⇒ Gas =39=32



A b q
r 60=2203.5

108 60 I 48 108--22*2.33
Go 98 1 BIG GCD -- 22.3
48 12 4 0



Modulo-i_hversede_fInverseofauuodn-b-a@ndotieniffa.b
= I wed n .anio@b-iurerseof.a⇐ a=ihreao?⃝4- at wodn 9=51 und

n-O-if-fgdca.sn/-yInverse doesnt always exists . relative prime

ex.ae#wautih-eseofaundq--4-1-und9-bs.t&ab=-twq.d
a=ÑÉ=⑦7=28- I iudqwant -12

"
und 15 that is b

doesnot exist : 12.cl?l.---t--und1sgedft4151--B



Find the inverse usrp hudtipilicatme group order
.

reg : gcdka.hn) as
look at power .ca) group nod n
a , a} a} a§aJ . .

-

uuddin until we gets

a-_4 und u-9

4
,
42rad -9=7, 43-need 9=10

4?⃝- 1 mud 9

a=5#É 42--7

5
,
52--4

,
53=4.5--6

,
54--30--2

, 5☒=zs
and 't

56-3-5=10 ⇒ 51inverse55=2*7



a⇐7 M€ 10

7- , 72--49--9=-1
,
73- -

-
-

, 74=747--1-15--1
7-'
inverse
' 73 .

ÑÉpHicatrue order of a

d-' = inverse because

a. oil-1 = all =L und n .

④ if food air) =L relaterely prime

⇐ I v s.t . a'=L und n -


