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SAMPLING WITHOUT REPLACEMENT WITH PROBABILITY PROPORTIONAL TO SIZE

By W. L. STEVENS

Faculdade de Filosofia, Ciéncias e Letras, Sdo Paulo, Brazil

[Received December, 1957]

SUMMARY

It is shown that sampling without replacement with probability proportional
to size can be achieved if the units are grouped with reference to size. When
the same unit is chosen a second time, it is substituted by another unit of the
same size chosen at random. The estimate of the population total is formally
the same as when sampling is done with replacement. The estimate of
variance differs in that from the sum of squares of deviations of the ratio,
r, we subtract, for each group chosen ¢ (> 1) times, the quantity #S/N, where
S is the sum of squares of deviations within the group and N the number in
the group.

1. THe METHOD

Sampling with probability proportional to size is usually done with replacement, for
if it is done without replacement, the probability ceases to be strictly proportional to
size, unless some special device is used, such as that proposed by Yates and Grundy, which
is rather complicated for » = 2 and hardly practicable for n > 2.

Unless the probability of drawing the same unit twice is negligible, the method of
sampling with replacement is inefficient, the loss of information being roughly equal to
the proportion of duplicates. Although the loss is not usually very serious, it is worth
while inquiring if any simple method can be found for avoiding it. It is suggested that
such a method is available if the values of x, the variable measuring size, are or can be
grouped.

If the values of x have been rather coarsely rounded, it will often be found that these
groups already exist for all or much of the population. Where they do not exist, they can
be formed by replacing groups of consecutive values (when listed in descending or ascending
order) by a common central value. Thus, if it is desired to have no group smaller than
five, the series

x= ... 36 39 39 41 41
can be replaced by
x= ... 39 39 39 39 39

The technique of selecting the sample is then quite simple: if at any moment a unit
is drawn a second time, it is replaced by another unit of the same size drawn at random
from among the other units of the same size which have not yet been drawn.

In principle, it is therefore necessary that no group shall be smaller than #, the number
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394 STEVENS—Sampling witnout Replacement [No. 2,

of units in the sample. But this will not usually be necessary in practice. It will usually
be found that when » = (say) 10, if the smallest group is of size (say) 3, the probability
of drawing a group more times than it has members is extremely remote. If nevertheless
it did happen, we would have to draw again. To the extent that this is likely to happen,
the theory of the method fails, but as we are supposing that this is very improbable, we
suppose also that the theoretical results are valid in the practical situation even when the
smallest number in a group is less than n.

It is also admitted that the process of grouping (if not already completed by the rounding
of values of x) will entail some loss of information. We suppose that in practice this
loss will be extremely small; at any rate less than the gain resulting from the elimination
of multiple drawings.

The sampling plan may be formulated in a different manner. Let X; = N;x; represent
the total size of group i. Then we select, with replacement, n groups with probability
proportional to X;. If the group i is chosen #; times, we then select, without replacement,
t; units with equal probability from this group.

2. ESTIMATION

We will denote groups by i and j, and units within groups by u and ». The probability
of selecting any unit in group i is
pi = xiX,

where X is the total size of the population. Denoting the values to be observed by y;y
and the number of units in group i by N;, we put

Nipi = Zyi
N =2X2N;
N,Il/ = ZN{/M

= Zzyius

where summations are made over the units of the group, over all groups and over the
population respectively. Thus u; is the mean of y in group i and u the general mean in

the whole population.
The probability that unit i is chosen in a sample of # units is found by summing the

probabilities that group i is chosen ¢ times multiplied respectively by the probabilities that
t units chosen out of N; units will include the unit iu.

n! n— t
> {m (1 — Nypi)n—? (Nipi)t}{m}
— 3 (O D = Nopot V)
= np;.

Thus we see that the probability that the sample contains a given unit is strictly propor-

tional to the size of that unit.
Writing #4u = Yiu/pi, R = Zry and 7 = R/n, where X denotes summation over the
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sample, then the expected value of R is

E(R) = nZZ pi( yiu/pi) (summed over population)
= nNp.

Hence an unbiased estimate of the total, Nu, is provided by R/n = 7, formally identical
with the estimate when sampling is done with replacement.

In practice, of course, we more often calculate the ratio in relation to size x, in which
case, writing r = y/x, we have estimate 7X.

3. VARIANCE

First let us find the probability that the sample contains units iu and v (u # v), i.e.,
a given pair within group i. This is the sum of products of the probability that the group
is chosen ¢ times by the probability that ¢ units chosen at random from the N; units will
include the given pair.
n!

! Dt (Noppyih[ =D
> (n—:m (1 — Nipy)n—? (szz)t}{mﬁi’__‘ﬁ}

_ e — 1) Nep® B =D 0 n s (N
S N1 2"{(n—z:)!(t—z)x(1 Nips) ‘(szz”}

= n(n — 1) Nyp2/(N; — 1).

Next we find the probability that the sample contains the pair iu and jv (i #v), i.e.,
a pair belonging to two groups. Supposing that the groups are chosen respectively s and
t times, the required probability is

n! - o
22 yrery (T Ve — Napret (Vapiy (Mpf)‘}{m}
(n — 2)!

=nln = 1) pips 3 {(n —s =Dl —DIE— D!

(1 — Nips — Njpj)"=s=¢ (Nyps)s~1 (prf)t_l}

=n(n — 1) pip;.

Now consider R2, where R = Xy;y/p; over the sample. The expansion of R? will
contain terms of three kinds:

squares like  (yiu/pi)?
products like  yiuYin/pi®

products like  yiuyio/pips @ #J)).

The contribution from terms of the first kind, to E(R?2), the expected value of R2, will
be found by summing over the population, the product of the square by the probability of
unit iu being included in the sample.

ZE(Yiu/p)?(nps) = nEZyiu®[pi. (3.1

Similarly, the contribution of terms of the second kind, yiuyiw/pi2, is found by summing,
over all such pairs, the product of the term by the probability that the pair occurs in the
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sample.

533 {y“‘y“’}{”(" — I)N“"iz} = n(n — 1)2{
T w*v

p2 U N1 2y “”

N;
N;—1 U=V
Now

22 Yy =2 Yeu(Nefhs — Vi)

U+v 2
= N®® — 2 pia®

%
= Ny(N; — 1) pi2 — (N; — 1) 042
where 02 is the variance of y within group i, defined, as usual,
0% = (Zyiu® — Niu®)[(N; — 1).
Hence the contribution of terms like yiuys/pi2 is
n(n — 1)(ZN7;2,M1;2 — 2Ni02). (3.2)

Finally we find the contribution of terms like ysuyju/pip; Where i # j:

2323 P9ln 1) ppp = — 1) 2 E Z yue
i+f w v \ PiDj i+l w.v
= n(n — 1) DY NiNj/I/i//&j. @3 .3)
£
The contribution of the two kinds of product terms, from (3.2) and (3.3), is
n(n — D{EN2u? + 2 X NiNjpuyp; — ZNio2}
Y

= n(n — D){(ENiw)? — ZNyo:2}
= n(n — 1)(N2u2 — ZN;0:?). (3.4

Adding in the contribution of the square terms from (3.1), we obtain
E(R?) = n{ZZyi2[p: + (n — 1)(N?u? — ZNy0:?)}
whence we obtain the variance of R

02%(R) = E(R?) — nN2u?
= n{ZZyw2/pi — N2u? — (n — 1) ZN;o2}. 3.5)

4. ESTIMATE OF VARIANCE

Consider first 2(r — 7)2 = Zr2 — R?/n, the sum of squares of deviations of the ratios
r=y/[p. The expected value of Xr2 has already been found (3.1)

E(Zr?) = nZZyiu®|pi.
Hence, subtracting E(R%)/n, we find the expected value
E{Z(r — 7?2} = (n — D{ZZyi? — N2u2 4 ZN;o42}. 4.1

It is seen, comparing with (3.5), that the mean square deviation agrees with that required
for an unbiased estimate of o2(R) up to the second term, but disagrees in the third, having
+ X N;io2 instead of — (n — 1) XN;o 2.
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1958] with Probability Proportional to Size 397

Consider therefore in a group i, chosen ¢ times, # > 1, the quantity

1;S4/N;
where St = Z(riu — F1)?
Fy = Zrults

summation being over units of group 7 in the sample.
With #; fixed,
E(Si) = E{Z(yiu — 71)2}/psi?
= (t — 1) 0:?/pé®.
E(tzSz/Nz) = E{ti(tz — l)} 0'¢2/sz¢2.

The expected value of #(t; — 1), when ¢; is in a binomial distribution, is the well known
result

Thus

E{tz(ti — 1)} = n(n -1 Nizpzz
Hence
E(t:Si/Ny) = n(n — 1) Nyoi2.
Summing over all groups which have #; > 1, we find

E(ZtiS5/Ns) = n(n — 1) ZN;o42.
Hence
E{Z(r — )2 — Zt,;Sz/Ni} =n— 1){22ym2/pi — N2u2? 4 EN;o2 — nENicriz}
= (n — D{ZZyiu?/pi — N2u2 — (n — 1) ZNyo ).
By comparison with (3.5), we conclude that an unbiased estimate of variance of R is ns2
and of the estimated total is s2/n, where

2 — 2(r — )2 — X181/ N;
n—1 )

In spite of the complexity of the analysis, the final result is very simple. From the
sum of squares of deviations, Z(r — 7)2, used in the analysis when sampling is done with
replacement, we merely subtract, for each group chosen #; (> 1) times, the quantity

1354/ N;

where N; is the number in the group and S; the sum of squares of deviations of » within
the group.

As most groups chosen more than once will, in fact, be chosen twice, we note that for
t = 2, the correction to be subtracted is

(rsx — ri2)?/Ns

where r;1 and rye are the two ratios observed.
‘When ratios are calculated with reference to the size x;, the formula for the variance
will contain the additional factor X2.

REFERENCE

Yatss, F. & GRUNDY, P. M. (1953), “Selection without replacement from within strata with probability
proportional to size”, J. R. Statist. Soc., B, 15, 253-261.

This content downloaded from 155.33.16.124 on Fri, 30 Mar 2018 04:24:58 UTC
All use subject to http://about.jstor.org/terms



	Contents
	p. 393
	p. 394
	p. 395
	p. 396
	p. 397

	Issue Table of Contents
	Journal of the Royal Statistical Society. Series B (Methodological), Vol. 20, No. 2 (1958) pp. 215-416
	Front Matter [pp. ]
	Volume Information [pp. ]
	The Regression Analysis of Binary Sequences [pp. 215-242]
	Renewal Theory and Its Ramifications [pp. 243-302]
	On Asymptotically Efficient Consistent Estimates of the Spectral Density Function of a Stationary Time Series [pp. 303-322]
	The Estimation of the Spectral Density After Trend Removal [pp. 323-333]
	On the Smoothing of Probability Density Functions [pp. 334-343]
	Experiments With Mixtures [pp. 344-360]
	The Interaction Algorithm and Practical Fourier Analysis [pp. 361-372]
	Equally Correlated Variates and the Multinormal Integral [pp. 373-378]
	Formulae for Calculating the Operating Characteristic and the Average Sample Number of Some Sequential Tests [pp. 379-386]
	On Corrections to the Chi-Squared Distribution [pp. 387-392]
	Sampling Without Replacement With Probability Proportional to Size [pp. 393-397]
	Multivariate Quantal Analysis [pp. 398-405]
	A Concise Derivation of General Orthogonal Polynomials [pp. 406-407]
	A Simplified Model for Delays in Overtaking on a Two-Lane Road [pp. 408-414]



