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On inverse sampling with unequal probabilitiest

By P. K. PATHAK}{
University of Illinois

SuMMARY

Sampford (1962) has considered the following sampling scheme to select a sample with
n distinot population units, Sampling with unequal probabilities with replacement is
carried out until {n + 1) different population unita are selected, the last unit is not recorded
in the sample to insure some simplicity in the estimation procedure. The method is called
inverse sampling with unequal probabilities. In this paper it is shown that this method of
sampling is equivalent to sampling with unequal probabilities without replacement in
some sense. The estimator of the population total given by Sampford is compared with
other existing estimators. It is shown that there exist estimators which are uaiformly
better than the estimator given by Sampford. Finally, it is demonstrated that Des Raj's
estimator (1056) haa certain definite advantages over Sampford's estimator suggesting that
sampling with unequal probabilities (without replacement) with Des Raj's estimator
probably gives a better estimation procedure than inverse sampling with unequal
probabilities.

1. INTRODUCTION AND PRELIMINARIES

Although sampling with unequal probabilities with replacement has the merit of sim-
plicity, it has & major drawback that the number of distinct population units selected in a
sample is a random variable and varies from sample to sample. Sampling with unequal
probabilities without replacement does not have this drawback, but most estimators of the
population total in this sampling scheme are either unwieldy or biased. Recently some
workers have developed sampling sch wherein the number of distinet population units
selected in & sample is constant from sample to sample, and also the estimator of the popula-
tion total is easy to compute and has some desirable properties like possessing a non-
negative estimator of its variance, etc. Of special interest in this connexion are the works of
Des Ra; (1956), Stevens (1958), Rao, Hartley & Cochran (1962) and others. In cluster

g, Sampford (1962) has idered a hod of sampling with probabilities pro-
pomonal to cluster size (with replacement) by which a fixed number of distinct clusters are
included in the sample and has given an unbiased estimator of the population total and an
estimator of its variance. A slightly different version of this method of sampling is con-
sidered here in detail and is referred to as inverse sampling with unequal probabilities.

The following notation and definitions are used in the subsequent sections.

Number of population units: N.
Jjth population unit: U, {j
Value of a real-valued Y-characteristicof U: Y, (j=1,...
N
Probability of seletion of Uj; ) (IzlP, - 1).
t Work supported by the National Science Foundati
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Z-valus of Uj: Z,=YP, (j=}
N

Population total of ¥-oh istic Y=3Y,
J=i
N

Population variance: o= 3 PZ;-YP
=1

Number of distinct population units in

a sample: n.
Size of a sample: r (r=n,n+l,..0).
An observed sample: 8= (U ..,u%)

Small letters will refer to the sample and capital to the population, e.g. u,, u,, ..., 4, are
the r sample units selected in order of draw.

DerrniTioN 1-1. Let wy), wyy, ..., 4y, be the n distinet population units observed in a
sample and arranged in order of their draw. Then 7, = [uq, ty, ..., 1, i9 called the
*serial-statistic’.

DervtTioN 12, Let ), uy, ..., %, be the n distinet population units observed in a
sample and arranged in increasing order of their unit-indices. Then 7} = [uy. uy, ..., ]
is called the ‘order-statistic’.

The unit index of an individual whose population representation is I is j. The above
definition of ‘order-statistic’ differs from its customary definition where the sample obser-
vations are arranged in order of magnitude. This definition has been adopted here to avoid
possible ambiguity in defining the order-statistic’ when a sample may contain two different
population units of the same order of magnitude.

DeFIxmmioN 1-3. Let &y, &y, ..., &, be respectively the number of times u,, uy,, ..., u;,
oceur in the sample. Then Ty = ((uy, ay), (Ui, %), - -, (Uim, X)) i8 called the ‘symmetric-
statistic’.

Any statistic 7(s), a function of the sample observations, divides the collection of samples
into sets such that the given statistic 7'(s) is constant on each of these sets. This collection of
sets is the partition induced by 7'(s). Two samples are said to be équivalent if they contain
the same population units. A sufficient statistic is thus defined as follows (Pathak, 1964).

DerNtTION 1-4. A statistic T'(s) is sufficient if the partition induced by T'(s) consists of
sets of equivalent samples.

It is thus obvious that the above defined statistics, 7). T, and 75, are all sufficient.

For sampling schemes from finite populations, the above definition is a suitable version
of the existing notion of sufficiency as defined by Fisher (1921), Halmos & Savage (1949),
Bahadur (1954) and others. The following intuitive argument shows that this definition is
equivalent to the definition of sufficiency in Fisher sense. Under a given sampling process,
a selected sample gives us information about those population units selected in the sample.
If two samples consist of the same population units they give the same information about
the population units and are equally informative. Given one of these samples one can
prediot what the other sample is and vice versa. In the same way a sample from a given
set of equivalent samples is as informative as any other sample {from that set; and it is
theoretically possible to work out all samples of this set given any one sample from it.
A partition of samples into seta of equivalent samples divides the sample space into sets of
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equally informative samples and is, therefore, sufficient. It may be noted that the sufficiency
s with regard to the unknown population characteristics 1}, ¥,, ..., ¥y.

1t is posaible to give a rigorous justification of this definition in abstract terms but this
has been omitted here for brevity. The author {1964) has dealt with this problem at some
length in & paper to be published in Annals of Mathematical Stalistics soon.

DermrTion 1:6. Given two estimators ¢,(s) and f,(s) of a population parameter, ¢,(s) is
said to be uniformly better than ¢y(s) if for any convex loss function ¢,(s) has smaller expected
loss than t,(s) for all ¥, ..., Yy with strictly less expected loss for at least one ¥},..., ¥y.

It follows as a consequence of the Rao—Blackwell theorem (Pathak, 1064) that if 7'(s)isa
sufficient statistic and if #y(s) is an estimator of a parameter which does not depend on T'(s)
then t,(8) = E[;(s)|T(s)] is & uniformly better estimator than £,(s) unless {,(s) = {5(s) with
probability one. If the loss function is the squared error then ¢,(s) has smaller mean-square
error than £(s); the decrease in the mean-square error is equal to E[2,(s) —t,(s) 2.

DerixiTion 1-6. Random variables u,, u,, ..., u, are called interchangeable if their joint
distribution is invariant under any permutation of uy, u,, ..., u,.

2. INVERSE SAMPLING WITH UNEQUAL PROBABILITIES

Ininversesampling with unequal probabilities, population units are selected with unequal
probabilities (with replacement), £ being the probability of selection of U (j=1,...,N),
and theselection of unitsis stopped at the (r + 1)th draw when the sample first contains (n + 1)
different population units. The last unit is rejected and the recorded sample consists of
sample units corresponding to n different population units. The rejection of the last sample
unit introduces simplicity in the distribution of the sample units as then for a given sample
size the recorded sample units bobave as interchangenable random variables. An observed
sample is recorded as

8 = (1), Uy, ..., u,) (r=m,n+1],...), (1)

where u;, u, ..., %, &6 respectively the first, second and the rth sample units.
The probability of selecting a sample s is given by

Pls) = kf($Yprpe - Pl —pu— P = - = Prahs (2)
where p, denotes the probability of selection of the ith sample unit, ¥, (i=1,...,r),

1 if s contains n distinet population units,
fle)= [ .
0 otherwise,
Py -eeoee , Pt 8re the probabilities of selection associated with z different population units

selected in the sample, and £ is to be determined such that the summation of the right side
over all possible samples equals unity.

From (2) it is evident that for a given r, u,,u,,...,%, are interchangeable random
variables,

Under this sampling scheme, the order-statistic, the serial statistic and the symmetric-
statistic are all sufficient. The probability distribution of the symmetric-statistic

Ty = {luw, ap) -, [t 2p)]
is easily seen to be given by

r!
PIT) = Mf(e) oo PO P (L= Po= oo = P 3
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where k and f(s) have been defined in (2) and p, is the probability of selection of u,
(3=1,...,n).

A little consideration will show that the probability distribution of the serial-statistic

= (t, %, ---, U] i8 given by

PIT) = py T2 . P
7l = nu“‘ﬁl)) (=P~ = Pta-ni) 4

where py, ia the probability of selection of uy(i=1,...,n).

Lastly the probability distribution of the order-statistic T} = [y, ..., %) i8 given by

P
BT =Epr 2 = (e ®
where the summation X’ extends over all possible orderings of Py, ..., Pr-

It can be seen from (4) that the distribution of the serial-statistic is the same as that of the
serial in pling with qual probabilities (without replacement). Thus in this
gense the two sampling sohemes are equivalent. The author (1961) has earlier proved a similar
result. The equivalence can be made precise as follows. Suppose g,(s) and g,(s) are estimators
of the population total based on inverse sampling with unequal probabilities and sampling
with unequal probabilities (without replacement) respectively. Now if to the atatistician
the outcome of only one of these sampling schemes is given, he could, if he wished, compute
with the help of a random device both g,(s) and gy(s) such that their probability distcibutions
will be identical with their original probability distributions under the two given sampling
schemes. Thus theoretically, the knowledge of the outcome of one of these sampling schemes
enables the statistician to produce an outcome of the second sampling scheme and therefore
the two sampling schemes can be said as equivalent. This also shows that in inverse sampling
with unequal probabilities if one is using estimators which are based on the serial-statistic
then sampling can be stopped as soon a8 the nth population unit has been selected.

3. ESTIMATION OF THE POPULATION TOTAL
Sampford (1962) has idered the following estimator of the population total

i= B (8)
where z, is the Z-value of ¥, and gave
vE) = '( D& Z (z— (7

a8 an unbiased estimator of V(z).
Since E(z,) = Y, and for a given ,2,, ..., 2, are interchangeable random variables,

E[] = E,E[E|r) = E, E[z|r] = B[z,] = Y. {8)
This proves that Z is an unbiased estimator of the population total Y.
To prove the unbiasedness of (z) it suffices to observe that
r
B = B[ 1)...2 o]
= B[] -EB,E|——— y(r—l) *Z 242 |r]

= E#*| - E, E{z,2,}r)
= E[?*] - Efz, ) = B@) - I*
= V(). (9)
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{ ddde )

Further if ¢,, ¢y, ..., ¢, are r variablea dependmg on r only and such that }'_‘, ¢, =1, then
it is easily verified in a similar manner that Z ¢;2 is also an unbiased mmmtor of Y. It
is proved below that Z is the best estimator among this olass of estimators.

TreoreM 1. z is uniformly better than any estimator of the above type.
Proof. Since the symmetric statistic

Ty = [ty &y oo+ (tmas )] ,
is sufficient, it follows that an estimator uniformly better than ¥ ¢z, is given by
i=1
r
E [‘El c,z,|T,] .

Further, when T is given (r is fixed), ¢;, ¢y, ..., ¢, are fixed and 8lso z,,zy, ..., 2, are inter-
changeable. Therefore

B[ £ ecxin] = E[[ 5 efuim] - Bteim

= ‘lemP["l = up|Ty)- (10)
It can be easily verified that
Ply, = T
Pl = |7y = L 'PI;‘.,-’]'"—’]J%’. (1)
1 -

80 that E(Ze;z|T) = ;le apzn =% (12)

This completes the proof of the theorem.
COROLLARY 1:1. On taking ¢, =¢y=......=¢, =lnandc,,, = ... =¢, =0, it.'\is seen

that z is uniformly better than the corresponding estimator }‘ i; of sampling with
unequal probabilities (with replacement). -

4. VARIANCE OF 2
From (9), it is olear that

ViE) = ,(r n2 Z (2,~2) ]
1 r
= "’[zn(—-uz . “*"f”’]
=% E[?r’(r— Ty oud e )"']
- E,E[Z—r (z,-z,mr] , (13)
since for a given r, z,, ..., z, are interchangeable. Thus
vE) = E [(—" ;r")']
N
= I VBBIZ,-Z,0C,, (19)
J4¥=1
whero Oy = Ellfrly = Upra = U] (j#5'=1,...N).
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In the particular case when n = 2

(1-F-F) A
Cyp=-— _(P;+’7r)‘£ [og(l1-B—F)}+F+F) (j+§'=1,...N) (15)
An exsot expression for C;;. is derived in the Appendix given at the end of the paper. When
P, = 1yN(j=1,...,N), V() can be expressed as (Sampford)
~ N-2\ = n—1\ (1. N(k—1) k
=0t _yn-k L _¥
v - oty 77) B (o) - P e (1- 5))- 8
An asymptotic expression for V(2} in this case in ascending powers of 1/N is given by
S 1 2 1 g, M 1503420~ 24
¥iz) =;L”’{l—ﬁ - l] - oW [n + e i—_)(n+2)_]"']' (17)

5. COMPARISON OF SAMPFORD'S ESTIMATOR WITH DES Ras’s ESTIMATOR
If the serial-statistic is recorded then it is seen that Des Raj's estimator (1956) is obtained

from
Y

P’
Iy = .'/hl"‘&J(1 =P
P

4=

% (18)
=Yt H Yo+ 2N =Py — e = Py,
Pu)
_ Ytnd
by =Yt oot Ynu+ > (1 =P = oo = Pap)-
Pral
Using the fact that 4, ...,{, are uncorrelated, Des Raj considered
=15y (19)
nial
a8 an unbiased estimator of the population total and gave
l n
[ — -D )
olf) = A= 1),§, (O8] (20)

a8 an unbiased estimator of V{I).

The above estimator of the population total has an advantage over % that it does not
take into account the number of times a particular unit ;) is included in the sample whereas
the Sampford's estimator does. Des Raj’s estimator, however, takes into account the
order in which the distinot population units are included in the sample and Sampford's
estimator does not. This is an advantage of Sampford’s estimator over Des Raj's. It is felt
that perhaps the advantage of Des Raj’s estimator is more desirable than that of Sampford'a.
A still more desirable estimator than Des Raj’s and Sampford’s would be one which dis-
regards both the order and the number of times different population units are inoluded in
the sample (Theorera 2).

It seems rather diffioult to give a direct ison of the relative efficiencies of I and
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Z in the general case. However, when n = 2, and if the loss function is the squared error,
V(l) is given by
V() = E(vd)] = B} - t,)")

R

1 N

=§,2, G- HRR-F-F). (21
From this, it is obvious that V(f) < V(z) provided
(1-P-P)
2"”“”"""(’}%"}‘,‘){ llog(1—P,—F)+ P+ P,) (22)

forallj 3 =1,.. ,N.
It can be seen that thia will be so if (F+F;) < § for all j +j' = 1,...,N. Thus while
pling from a r bly big population where this condition is ically satisfied
Des Raj’s estimator will have smaller variance.
In another special case when F; = 1[N (j=1,...,N), V(i) is given (Murthy, 1057) by

{(n-1) (n=-1){n-2)
TR YIRESG

o
=% { 1 (23)
A comparison of (23) with the asymptotic expression for the variance of z shows that {
has smaller variance than z.
The above considerations lead the author to believe that Des Raj's estimator will probably
be better than Sampford’s esti in ti

P

6. AN ESTIMATOR UNIFORMLY BETTER THAN SAMPFORD’S ESTIMATOR
The theorem below gives an estimator uniformly better than Sampford's estimator.

THEOREM 2. An estimator uniformly better than Z is given by
n
= ‘EI € Yean (24)

where ¢y = {P[T}|u, = w,)}/P[T,). P[T}] is the probability of getting the order-statistic
T, = [wy, ..., %] 8nd P[T}|v, = )] is the conditional probability of getting the order-
statistic, 7}, given that u, has been selected a the first draw.

Proof. Since 7, is sufficient, an estimator uniformly better than Z is given by

= E[l 5 z.|7',] - E,E[—l T z,|1',,r]. 28)
(=1 Tiat
Evidently z,, ..., z, are interchangeable for a given r and T}, and therefore
i* = E, E{3,|T,, 7] = E[z|T})

& Yo
= 3 H0P(y, = uy|T,
Z e (1 = w0l T}

n
= E]Cmy(w (26)
T his proves the theorem.
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The author (1961) had earlier proved that Z* is uniformly better than Des Raj's estimator.
Murthy (1857) proved that z* has smaller variance than Des Raj’s estimator. This shows
that z* is uniformly better than Des Raj’s 8s well as Sampford's estimator. Unfortunately

%* cannot be of muoh use in p: b of the b p jon of the
ooefficients ;. It can be seen that ¢, = N/n when P, = 1[N (j=1,..., N) with the help of
(6) showing that in simple rand pling (without repl t) the esti based on

the sample mean is uniformly better than both Des Rej’s and Sampford’s estimators.

Other estimators uniformly better than Sampford's estimator can be suggested, as for
example, EZ|T}, 7], E[|T;] and E[Z|7,, 7], eto. The reader may find it an illustrative exercise
to work out these estimators. The author's {1862) paper may be referred to for reference.
It will be interesting to see how the above considered methods of estimation compare in
two-atate eampling.

The author wishes to thank a referee for some valuable suggestions.

APPENDIX
The probability distribution of r. The probability of getting the order-statistic 7, = [ty ... ta), for
agivenr, is given by (Pathak, 1962)

PTyr) = [(Purt -+ 4 Pl = EnlProt o 4 Pyl + oo A = P By PN (L =P = oo = Pewde (27)
where the summation I, is taken ovor all combinations of ps chosen out, of pyy, ..., Pya,. Therefore, the
probability distribution of r is given by

PTr) = Zdltpar + -+ + P — Bt -+ Poa-i)” + oA = DB I D - pw— -~ Pl (28)
where I, is taken over all IZ

From (27) and {28), it can be secn that
P(Tyrluy = tuny ey = w] = {[Po+ -~ + Pl
= E{ (Pt e APl 4 (=) B0 PV L =P~ =Pl (20)
where L{" stands for all combinationa of p's containing py, and py choson out of py. -..» Pim-
From {29), it follows that

combinationa of p's choson out of Py, Py, ..., Px.

1 1
Exlirius = ot = - To] = {I:(pu,+.-- + Pl (hg(l —pm—---—n..)_p'“"'_p‘")
. 1 1
= 1 —Pw= -+ = Plani
T (Pwt o+ Pacn)? ( °g(‘-l’m----—}‘h.-n) Pu Fom l,)

1 1
ey —L flog——  _pam
ol =) (P(0+P(n)'(°g(|—Pln—Pll-)) Po ”')]

X[1= P~ o= Pual] = Gk (30)
Finally, Oy, as required in (14}, is given by
Ou = EC,e(To), 31
where i/ is takon over all (N_z) combinations of n P'g choson out of Py, P,,..., Py and containing
n—-2
P,and P,.
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