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Marginal and conditional distributions of multivariate normal distribution

Assume an n-dimensional random vector

x
X = 1
X2
has a normal distribution N'(x, g, &) with
T T
L 4 212
L= = and X = vll vl
K2 =21 =22
where X7 and X; are two subvectors of respective dimensions p and g with p + g = 7. Note that ¥ = 7 and
Sa =31

Theorem 4:
Part a The marginal distributions of X; and X5 are also normal with mean vector f; and covariance matrix % ;; (

: = 1,2), respectively.

Part b The conditional distribution of X; given X; is also normal with mean vector

— ..yl )
Rl = Hi + 220 (X — py)

and covariance matrix

Y. =%.. 2 y-ly.
=i|j T =G T S i
Proof: The joint density of X is:
L \ 1 1, e, 1 1, \
flx) = flx,x%2) = WEI}’[—si..X—ﬁl,) X7 (x—p)] = W“P[‘;Q(.,Xlaxz,)]

where () is defined as

Qx1,%2) = (x— p) ' T x— p)
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11§12
(%1 — )7, (x = p2)”] [ Y21 y22 ] [ X2 — U2 ]

= (x1— p) TZM (31 — pa) + 201 — p1) T (32 — p2) + (32 — p2) TP (32 — pi2)

Here we have assumed

11 1T -1 -1 -1 ) T v+-1 1IvT v+-1
5 = (Cn—ZnlnTn) T = D4 Tia(Te— AT Te) T ELEy
22 T v—1 Yy —1 -1 —1xT 15T
S = (223—2122 1 zlg) = 222 +222 Elz(_.l]_—z]_a_u,q Elq) S gz

_y T y-1y

Substituting the second expression for S**, first expression for ©**,and £ into (Q(x;, %) to get:
\ \Trs—1 1 T -1 —15T v-1
Q(x1,%2) = (x1— )" [E77 + T17 Tia( Tz — A1 55 Ti2) T L0 (%1 — )

—2(x1 — ) [T3' T2 (22 — TLER Tua) 7Y (%2 — p2)
= (x1— m) S5 (k1 — )
+(x1 - #-1) S11 ZP(Y‘ - ‘4%;21_11212)_1‘_‘{%‘11 ](x1 - Nl)

—2(x1 — ) [T3' T12 (22 — TLER Tua) 7Y (%2 — p2)

= (x1— m) Sy (%1 — )

+[(x2 — p2) = THLEG (x1 — )] (S22 — THEG Ta2) T [(x%2 — pr2) — SLE (%1 — pa)]



The last equal sign is due to the following equations for any vectors u and v and a symmetric matrix 4 = AT.

wfAu —2uf Av + 07 Av = vl Au— v Ar —uF Av + 0T A
= wTAlu—v)— (u—v)TAv = uf Alu—v) — T A(u — )

= (u—v)TAlu—1) = (v —u)T Al —u)

We define
A T e .
b= p2+ S122111(3(1 — )
_ T .
A=Yy — XX 11212
and
@1(x1) = (x; — ul) i (%3 — p1)
Qa(x1,%2) = [(x° — p2) = TLEG (k1 — )] (B2 — DG Tia) (%2 — p2) — TLEG (%0 — )]
= (x5— b)TA Y (x, — b)
and get

Q(x1, %) = Q1(x1) + Qa(x1,%2)

Now the joint distribution can be written as:

\ 1 1 ‘
f(x) = f(xlaxZ) = Werp[—a(g(xl,xz)]
! 1
- -2Q )
(27)72[Z0a 202 — Zfzs_filﬂll:’erp[ 27 (1, %2)]
1 1 1 !

= - n - " B _— _ ] ‘TS_]' _ K _ : : T _ \ — b‘ T_:-l__l , — b\
RPNy —exp| Q(Xl ) I (%1 — )] (27?)‘“'3|A|1.-"3erp[ o(x_ ) (x5 — b)]

= .L'\'T(X]_, i, 211) .;'\"_(Xg, b, :'1)

The third equal sign is due to theorem 3:



The marginal distribution of Xj is

. . 1 1
fl (le - / f(X]_,Xg) ng - (_.QT,')P.-"IZ|211|1."J2 erp[—;

and the conditional distribution of X3 given Xj is

f (X |X ) — f(xlpxl) — 1 exp
R T ) T RO A

with

(x1—p1) T E (1= )]

[_%(xz - b)TA_l (x2 — b)]
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