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Word Mixtures
Idea: Model text as a “bag” of words (ignore order)

Generative model for LDA
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

Latent Dirichlet allocation (LDA)

Simple intuition: Documents exhibit multiple topics.
Word in vocabulary: xn ∈ {1, …, V} 

Topic assignment: zn ∈ {1, …,K} 

p(x | z = 1)

p(x | z = 2)

p(x | z = 3)

p(x | z = 4)

•Total   words in a document 
•   denotes the index of the   word in the document. 
•   is the number of words in the vocabulary. 
•   is the number of topics.

N
n nth

V
K



Word MixturesGenerative model for LDA
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

Latent Dirichlet allocation (LDA)

Simple intuition: Documents exhibit multiple topics.

p(x | z=2, β)

p(x | z=3, β)

p(x | z=4, β)

p(x | z=1, β)

zn ⇠ Discrete(✓ )
x n | zn=k ⇠ Discrete(� k)

<latexit sha1_base64="qdycRYvQABbIZXhpPlw/gdUwRyk="></latexit>

Pick a topic
Pick a word given topic

zn ⇠ Discrete(✓ )
x n | zn=k ⇠ Discrete(� k)

<latexit sha1_base64="qdycRYvQABbIZXhpPlw/gdUwRyk="></latexit>

 θ = [θ1, θ2, …θK]  ∑k θk = 1

 βk = [βk1, βk2, …βkV]  ∑i βki = 1

 : topic proportions/probabilities, 
probability over the   topics 
θ

K

 :   topic’s word probabilities 
over the vocabulary
βk kth

 p(zn = k |θ) = θk

 p(xn = i |zn = k, β) = βki



Gaussian Mixtures vs Word Mixtures

<latexit sha1_base64="Ot+R1CnHY23oNHKIvRpVfR1ZFt4="></latexit>

Gaussian Mixture Model

zn
<latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="EVtucYrJet2AkCUkTOzXDAuSwZo="></latexit>

xn
<latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="TFLGGUTr6qFYReHLRiCE2yIPgUY="></latexit>

Discrete Mixture Model

⇡
<latexit sha1_base64="7Y/fvCCqA7JICkrpryYVgoFQEVs="></latexit><latexit sha1_base64="7Y/fvCCqA7JICkrpryYVgoFQEVs="></latexit><latexit sha1_base64="7Y/fvCCqA7JICkrpryYVgoFQEVs="></latexit><latexit sha1_base64="dVtYmDmfC5xaxtJpieazYxXXJBs="></latexit>

µ,⌃
<latexit sha1_base64="iSkBHgWNbkvV/ViqSm9C3L/EkoA="></latexit><latexit sha1_base64="iSkBHgWNbkvV/ViqSm9C3L/EkoA="></latexit><latexit sha1_base64="iSkBHgWNbkvV/ViqSm9C3L/EkoA="></latexit><latexit sha1_base64="HqjSRVhJxZIJZikrqRTJxdeysuI="></latexit>

<latexit sha1_base64="Ot+R1CnHY23oNHKIvRpVfR1ZFt4="></latexit>

zn
<latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="CL/33CPWRC9wnFZu4UuXjwKQH1Y="></latexit><latexit sha1_base64="EVtucYrJet2AkCUkTOzXDAuSwZo="></latexit>

xn
<latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="R5fqLlqQnakjPB/hUCUoBDPFKv0="></latexit><latexit sha1_base64="TFLGGUTr6qFYReHLRiCE2yIPgUY="></latexit>

�
<latexit sha1_base64="aDS6LXjdUwMKJ2qhSEXt/yLFw8g="></latexit><latexit sha1_base64="aDS6LXjdUwMKJ2qhSEXt/yLFw8g="></latexit><latexit sha1_base64="aDS6LXjdUwMKJ2qhSEXt/yLFw8g="></latexit><latexit sha1_base64="kSBDf/XaBhLxR2gd7E4qD97QhD4="></latexit>

✓
<latexit sha1_base64="dtgpQ6KClwybVS33dqS0RC75e2U="></latexit><latexit sha1_base64="dtgpQ6KClwybVS33dqS0RC75e2U="></latexit><latexit sha1_base64="dtgpQ6KClwybVS33dqS0RC75e2U="></latexit><latexit sha1_base64="oMiyQFUFxbkN7ZoLVRKcGnWf1C8="></latexit>

Difference: Replace Gaussian with Discrete

xn | zn=k ⇠ Discrete(�k,1, . . . ,�k,V )
<latexit sha1_base64="sCRgWBKEnVyaQxt0HXT47EXQlvM="></latexit><latexit sha1_base64="sCRgWBKEnVyaQxt0HXT47EXQlvM="></latexit><latexit sha1_base64="sCRgWBKEnVyaQxt0HXT47EXQlvM="></latexit><latexit sha1_base64="+w82K+Vmj7cIFhMNmOqhFWFzzo8="></latexit>

xn | zn=k ⇠ Normal(µk,⌃k)
<latexit sha1_base64="3wZD98zKQbtyH7RVXYLkuMghuaM="></latexit><latexit sha1_base64="3wZD98zKQbtyH7RVXYLkuMghuaM="></latexit><latexit sha1_base64="3wZD98zKQbtyH7RVXYLkuMghuaM="></latexit><latexit sha1_base64="Ictl1KR9q0V0m5lnZ69rqVZNwvA="></latexit>

zn ⇠ Discrete(⇡1, . . . ,⇡K)
<latexit sha1_base64="WEMekMU1xVuZ2676+QfCsrK3qYU="></latexit><latexit sha1_base64="WEMekMU1xVuZ2676+QfCsrK3qYU="></latexit><latexit sha1_base64="WEMekMU1xVuZ2676+QfCsrK3qYU="></latexit><latexit sha1_base64="9hqvi90wUoP2kpQ50xw2U5c3PbQ="></latexit>

zn ⇠ Discrete(✓1, . . . ,✓K)
<latexit sha1_base64="uI4EoObt8HMgdwyn+CVy9eaytH0="></latexit><latexit sha1_base64="uI4EoObt8HMgdwyn+CVy9eaytH0="></latexit><latexit sha1_base64="uI4EoObt8HMgdwyn+CVy9eaytH0="></latexit><latexit sha1_base64="sk9MB4Nr4KpmXjFel7WMkrwzHzk="></latexit>

Using the term Discrete distribution to mean Categorical distribution



Topic Modeling

Idea: Model corpus of documents with shared topics 

Generative model for LDA
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

Topics
(shared)

Words in Document
(mixture over topics)

Topic Proportions
(document-specific)



Generative model for LDA
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

βk: Topics θd: Topic Proportions

Topic Modeling
zd: Assignmentsxd: Words

zd,n ⇠ Discrete(✓ d)
x d,n | zd,n=k ⇠ Discrete(� k)

<latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="XFcmVykVZZPeM9+UfOx4QUqSbsI="></latexit>

(unique to 
each document)

(shared across
documents)



Distribution over Topic Assignments

Example inference
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zd,n ⇠ Discrete(✓ d)
x d,n | zd,n=k ⇠ Discrete(� k)

<latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="XFcmVykVZZPeM9+UfOx4QUqSbsI="></latexit>

k=22

k=24
k=61

k=73

Example inference
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Next Slide: Frequent  
words in these topics 



Most Probable Words in TopicsExample inference

“Genetics” “Evolution” “Disease” “Computers”

human evolution disease computer
genome evolutionary host models

dna species bacteria information
genetic organisms diseases data
genes life resistance computers

sequence origin bacterial system
gene biology new network

molecular groups strains systems
sequencing phylogenetic control model

map living infectious parallel
information diversity malaria methods

genetics group parasite networks
mapping new parasites software
project two united new

sequences common tuberculosis simulations

zd,n ⇠ Discrete(✓ d)
x d,n | zd,n=k ⇠ Discrete(� k)

<latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="z341rKqmpSRsPhmRMI2yHmkQTe8="></latexit><latexit sha1_base64="XFcmVykVZZPeM9+UfOx4QUqSbsI="></latexit>

Most frequent 
(within topic)

k=22 k=24 k=61 k=73



Example inference (II)Each Document has Different TopicsExample inference (II)

problem model selection species
problems rate male forest

mathematical constant males ecology
number distribution females fish

new time sex ecological
mathematics number species conservation
university size female diversity

two values evolution population
first value populations natural

numbers average population ecosystems
work rates sexual populations
time data behavior endangered

mathematicians density evolutionary tropical
chaos measured genetic forests

chaotic models reproductive ecosystem

Example inference (II)



Estimating the Parameters

max
✓ ,�

log p(x | ✓ ,�)
<latexit sha1_base64="s2C2VU1k5S+NoGmz/SVueSeoel4="></latexit>

Maximum Likelihood:

[x 2,1, x 2,2, . . . , x 2,N2
]

<latexit sha1_base64="RlYYNx5sbykoKypoLWsc67p7fEM="></latexit>

d=2
. . .

<latexit sha1_base64="hRJmdd1ulcrsOMn8X4lxqrkb0K0="></latexit>

[x D,1, x D,2, . . . , x D,ND
]

<latexit sha1_base64="D8zfj81LinPbhOXAWv377FIJS7w="></latexit>

d=D

[x 1,1, x 1,2, . . . , x 1,N1
]

<latexit sha1_base64="flp1SXfcRymy75dtA0NwG4jCz2A="></latexit>

d=1 [✓ 1,1,✓ 1,2, . . . ,✓ 1,K]
<latexit sha1_base64="7JBdUia2FPLU0HA5J+B0Zld4O3M="></latexit>

. . .
<latexit sha1_base64="hRJmdd1ulcrsOMn8X4lxqrkb0K0="></latexit>

[✓ 2,1,✓ 2,2, . . . ,✓ 2,K]
<latexit sha1_base64="5N3UReFMROxlIHYfAXy4r1XwBrc="></latexit>

[✓ D,1,✓ D,2, . . . ,✓ D,K]
<latexit sha1_base64="axA1BwAA9nj3mNmIBvXbI4LdhIo="></latexit>

k=K

k=2
k=1[�1,1,�1,2, . . . ,�1,V ]

<latexit sha1_base64="pO7Le4BzTP4uzKbihpcF0HwzWMM="></latexit>

[�2,1,�2,2, . . . ,�2,V ]
<latexit sha1_base64="qGLBHL+SXlE+j9nkrh5TiJCg4zY="></latexit>

[�K ,1,�K ,2, . . . ,�K ,V ]
<latexit sha1_base64="NHnn9DGjwwixG5lbLB3isEBL9T8="></latexit>

. . .
<latexit sha1_base64="hRJmdd1ulcrsOMn8X4lxqrkb0K0="></latexit>

K x VD x K(not a matrix)
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Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics
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How many genes does an 
organism need to survive? 

Vocabulary

1: the
…
513: genes 
721: organism
918: survive
…
V: …

Document

x d,6 = 721, zd,6 = 1
<latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="CjSp50kVzQ0sN6tVfIsDxQqRG3g="></latexit>



 Calculating the Likelihood for each Word
Word

ProbabilitiesGenerative model for LDA

gene     0.04

dna      0.02

genetic  0.01

.,,

life     0.02

evolve   0.01

organism 0.01

.,,

brain    0.04

neuron   0.02

nerve    0.01

...

data     0.02

number   0.02

computer 0.01

.,,

Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics
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Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

θd

1 2 K…

How many genes does an 
organism need to survive? 

Vocabulary

1: the
…
513: genes 
721: organism
918: survive
…
V: …

Document

x d,6 = 721, zd,6 = 1
<latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="CjSp50kVzQ0sN6tVfIsDxQqRG3g="></latexit>

Probability that word n is
entry v in the vocabulary

p(x d,n= v | � ,✓ d) =
KX

k=1

p(x d,n= v | � , zd,n=k) p(zd,n=k | ✓ d)

=
KX

k=1

� k,v✓ d,k
<latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="PfDsTIB0mpRTUgDuJhMDKisqW2s="></latexit>

Probability that word 
belongs to topic k  

Probability of word v 
given topic k  

p(x d,n= v | � ,✓ d) =
KX

k=1

p(x d,n= v | � , zd,n=k) p(zd,n=k | ✓ d)

=
KX

k=1

� k,v✓ d,k
<latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="PfDsTIB0mpRTUgDuJhMDKisqW2s="></latexit>

p(x d,n= v | � ,✓ d) =
KX

k=1

p(x d,n= v | � , zd,n=k) p(zd,n=k | ✓ d)

=
KX

k=1

� k,v✓ d,k
<latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="KAQlAAaJu6G6asv087KGxHD94HM="></latexit><latexit sha1_base64="PfDsTIB0mpRTUgDuJhMDKisqW2s="></latexit>



Computing the Likelihood
Word
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• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics
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• Each document is a mixture of corpus-wide topics
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

θd

1 2 K…

How many genes does an 
organism need to survive? 

Vocabulary

1: the
…
513: genes 
712: organism
918: survive
…
V: …

Document

x d,6 = 721, zd,6 = 1
<latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="c4kzPCBs1HeHvk2duBMdDVk8wQk="></latexit><latexit sha1_base64="CjSp50kVzQ0sN6tVfIsDxQqRG3g="></latexit>

probability of all words n = 1…Nd in document d (use one-hot trick)

take log probability, substitute result from previous slide
p(x d | � ,✓ d) =

N dY

n=1

VY

v=1

p(x d,n | � ,✓ d)I[x d,n=v]

log p(x d | � ,✓ d) =
N dX

n=1

VX

v=1

I[x d,n = v] log

Ç KX

k=1

� k,v✓ d,k

å

<latexit sha1_base64="FcjyH1jENFVeP6qj76++tcMmHks="></latexit><latexit sha1_base64="FcjyH1jENFVeP6qj76++tcMmHks="></latexit><latexit sha1_base64="FcjyH1jENFVeP6qj76++tcMmHks="></latexit><latexit sha1_base64="LKk4ysF+9y69g+HgmgrswYRaOSY="></latexit>

p(x d | � ,✓ d) =
N dY

n=1

VY

v=1

p(x d,n = v | � ,✓ d)I[x d,n=v]

log p(x d | � ,✓ d) =
N dX

n=1

VX

v=1

I[x d,n = v] log

Ç KX

k=1

� k,v✓ d,k

å

<latexit sha1_base64="0zm/E8y7BVrddrlDnQOIfiYvGfU="></latexit>



 Calculating the Likelihood for all Words
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Interpretation as Matrix Factorization
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Relationship to Latent Semantic Analysis
LSA: Factorize word counts (using PCA)

Topic Models: Factorize word counts (using mixture model)

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i
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) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19
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Topic Models: Summary so far
Core Idea:  
Model documents as mixtures over topics 

Model Parameters: 
θd  Topic probabilities for each document  
     (K-dimensional vector)  
βk Word probabilities for each topic  
    (V-dimensional vector) 

Relationship to Dimensionality Reduction:  
Similar to LSA, but assumes Discrete mixture  
instead of Gaussian distribution on word counts



Topic Models
Shantanu Jain



Estimating Parameters
Maximum Likelihood with EM



Generative model for LDA
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.,,
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.,,

brain    0.04

neuron   0.02

nerve    0.01

...

data     0.02

number   0.02

computer 0.01

.,,

Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

βk: Topics θd: Topic Proportions

Review: Topic Modeling
zd: Assignmentsxd: Words

zd,n ⇠ Discrete(✓ d)
x d,n | zd,n=k ⇠ Discrete(� k)
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Review: Interpretation as Matrix Factorization
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Relationship to Latent Semantic Analysis

LSA: Factorize matrix of word counts (using PCA)

LSA: Assume Gaussian distribution

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i

Xd⇥n u Ud⇥k Zk⇥n

( stocks: 2 · · · · · · · · · 0

chairman: 4 · · · · · · · · · 1

the: 8 · · · · · · · · · 7

· · · ... · · · · · · · · · ...

wins: 0 · · · · · · · · · 2

game: 1 · · · · · · · · · 3

) u ( 0.4 ·· -0.001

0.8 ·· 0.03

0.01 ·· 0.04
... ·· ...

0.002 ·· 2.3

0.003 ·· 1.9

) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i

Xd⇥n u Ud⇥k Zk⇥n

( stocks: 2 · · · · · · · · · 0

chairman: 4 · · · · · · · · · 1

the: 8 · · · · · · · · · 7

· · · ... · · · · · · · · · ...

wins: 0 · · · · · · · · · 2

game: 1 · · · · · · · · · 3

) u ( 0.4 ·· -0.001

0.8 ·· 0.03

0.01 ·· 0.04
... ·· ...

0.002 ·· 2.3

0.003 ·· 1.9

) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i

Xd⇥n u Ud⇥k Zk⇥n

( stocks: 2 · · · · · · · · · 0

chairman: 4 · · · · · · · · · 1

the: 8 · · · · · · · · · 7

· · · ... · · · · · · · · · ...

wins: 0 · · · · · · · · · 2

game: 1 · · · · · · · · · 3

) u ( 0.4 ·· -0.001

0.8 ·· 0.03

0.01 ·· 0.04
... ·· ...

0.002 ·· 2.3

0.003 ·· 1.9

) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i

Xd⇥n u Ud⇥k Zk⇥n

( stocks: 2 · · · · · · · · · 0

chairman: 4 · · · · · · · · · 1

the: 8 · · · · · · · · · 7

· · · ... · · · · · · · · · ...

wins: 0 · · · · · · · · · 2

game: 1 · · · · · · · · · 3

) u ( 0.4 ·· -0.001

0.8 ·· 0.03

0.01 ·· 0.04
... ·· ...

0.002 ·· 2.3

0.003 ·· 1.9

) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19

Latent Semantic Analysis [Deerwater, 1990]

• d = number of words in the vocabulary

• Each xi 2 Rd
is a vector of word counts

• xji = frequency of word j in document i

Xd⇥n u Ud⇥k Zk⇥n

( stocks: 2 · · · · · · · · · 0

chairman: 4 · · · · · · · · · 1

the: 8 · · · · · · · · · 7

· · · ... · · · · · · · · · ...

wins: 0 · · · · · · · · · 2

game: 1 · · · · · · · · · 3

) u ( 0.4 ·· -0.001

0.8 ·· 0.03

0.01 ·· 0.04
... ·· ...

0.002 ·· 2.3

0.003 ·· 1.9

) ( z1 . . . zn )
How to measure similarity between two documents?

z>1 z2 is probably better than x>1 x2

Applications: information retrieval

Note: no computational savings; original x is already sparse

Principal component analysis (PCA) / Case studies 19

(V x D) (V x K) (K x D)

Topic Models: Assume mixture of Discrete distributions



Estimating Model Parameters

1. Expectation Maximization  
(this video)  

2. Variational Inference  
(will discuss at a high level) 

3. Gibbs Sampling 
(not in this module)

Question: How can we estimate βk and θd?



PLSI/PLSA*: EM for Topic Models

Generative model for LDA
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

E-step: Update assignmentsGenerative Model

M-step: Update parameters

*(Probabilistic Latent Semantic Indexing, a.k.a. Probabilistic Latent Semantic Analysis)

Calculate probability that word n
in document d belongs to topic k

Use assignment probabilities φd
to update topics αssignment 
probabilities θd and topic word  
probabilities βk 
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General Form, with One-hot Indexing Trick

PLSI/PLSA: E-step
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PLSI/PLSA: M-Step
Idea: Compute (expected) sufficient statistics 

Number of times word v appears in topic k
(across all documents in corpus)N�k,v =
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Latent Dirichlet Allocation
Topic Models with Dirichlet Priors
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

βk: Topics
(shared)

θd: Topic Proportions

Review: Topic Modeling with PLSA/PLSI
zd: Assignments

(document-specific)
xd: Words
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x d,n | zd,n=k ⇠ Discrete(� k)
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LDA: Add Dirichlet Priors
zd: Assignments

(document-specific)
xd: Words
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Review: Dirichlet Distribution



Review: Dirichlet Distribution

LDA: αk = 0.001 – Enforces Sparsity of Topic Weights θd 



LDA: Summary so far
• Idea: Model documents as mixtures over topics 

• Model parameters:  
θd  Topic probabilities for each document  
     (K-dimensional vector for each document)  
βk Word probabilities for each topic  
    (V-dimensional vector for each topic) 

• Interpretation Dimensionality Reduction:  
Similar to LSA, but assumes Discrete mixture  
instead of Gaussian distribution on word counts 

• Dirichlet Priors: Enforce sparsity, associate a small 
number of topics which each document



Estimating Model Parameters

1. Expectation Maximization  
(previous video)  

2. Variational Inference  
(high level) 

3. Gibbs Sampling 
(not in this module)

Question: How can we estimate βk and θd?



Estimating the Parameters
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✓ ,�

log p(x | ✓ ,�)
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θd

1 2 K…

How many genes does an 
organism need to survive? 

Vocabulary

1: the
…
513: genes 
721: organism
918: survive
…
V: …

Document

x d,6 = 721, zd,6 = 1
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max
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log p(✓ ,� | x )
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Maximum a Posteriori:



Review: Conjugate Priors for Coin Flips

Bern(x | µ) = µN1(1�µ)N0 N1 =
NX
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xn, N0 = N � N1
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Likelihood Sufficient Statistics

Conjugate Prior

Beta(µ | a, b) =
1

B(a, b)
µa�1(1�µ)b�1
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Posterior
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MAP Estimate

µ⇤ =
N1 + a� 1

N + a+ b� 2
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Generalization: Dirichlet and Discrete
Likelihood Sufficient Statistics

Conjugate Prior

Posterior MAP Estimate

Nk =
X

n

I[zn = k]
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n
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Y

k

✓
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k
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B(↵)

KY
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✓
↵k�1
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QK
k=1 � (↵k)

�
ÄPK

k=1↵k

ä
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k Nk +
P

k ↵k � K
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MAP estimation for LDA with EM

Generative model for LDA
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computer 0.01
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Topics Documents
Topic proportions and

assignments

• Each topic is a distribution over words
• Each document is a mixture of corpus-wide topics
• Each word is drawn from one of those topics

E-step: Update assignmentsGenerative Model

M-step: Update parameters

zd,n ⇠ Discrete(✓ d)
x d,n | zd,n=k ⇠ Discrete(� k)
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�d,n,k = p(zd,n=k | x d,n = v,� ,✓ d)

,k =
✓ d,k

ÄPV
v=1� k,v I[x d,n = v]

ä

PK
l=1 ✓ d,l

ÄPV
v=1� l,v I[x d,n = v]

ä

✓ d ⇠ Dirichlet(↵)
� k ⇠ Dirichlet(⌘k)
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PD

d=1 N✓d,k +
P

v ⌘k,v � V
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P

v ⌘k,v � V
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P

v ⌘k,v � V
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P

v ⌘k,v � V
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P
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(not used in practice; requires αk > 1 and ηkv > 1)



Variational Expectation Maximization (high-level)

(analogous to MAP estimation – need to know this)

Variational E-step: Update φ

�d,n,k = exp

Ç
Eq

ñ
log✓ d,k +

VX

v=1

I[xd,n = v] log� k,v

ôå
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Idea: Approximate p(z, θ, β | x) with q(z, θ, β)

q(z,✓ ,�) = q(z;�) q(✓ ;�) q(� ;�)
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KL(q(z,✓ ,�) || p(z,✓ ,� | x ))
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(won’t derive this – but can be computed in closed form)

Variational M-step: Update γ and λ
�k,v = ⌘k,v + N�k,v
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DirichletDiscrete Dirichlet



EM vs. Variational EM

E-step:

M-step: �k,v = ⌘k,v + N�k,v
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M-step:

E-step: �d,n,k/ ✓ d,k

Ç VX

v=1

� k,v I[x d,n = v]
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<latexit sha1_base64="gYJhLJNpSxYCwHc7WwW54ItJ7BI="></latexit><latexit sha1_base64="gYJhLJNpSxYCwHc7WwW54ItJ7BI="></latexit><latexit sha1_base64="gYJhLJNpSxYCwHc7WwW54ItJ7BI="></latexit><latexit sha1_base64="J1aqAIg4V+9oEELmb/tIlODi5EQ="></latexit>

Variational EM

EM ✓ ,� = argmax
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log p(x | ✓ ,�)
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EM vs. Variational EM
Commonalities: Both compute sufficient statistics 

Probability that word n in document d belongs to topic k

Number of words in document d that belong to topic k

�d,n,k/ ✓ d,k

Ç VX

v=1

� k,v I[x d,n = v]

å

<latexit sha1_base64="XTVVWKkY10WO3oZ85FliYGFiUtM="></latexit><latexit sha1_base64="XTVVWKkY10WO3oZ85FliYGFiUtM="></latexit><latexit sha1_base64="XTVVWKkY10WO3oZ85FliYGFiUtM="></latexit><latexit sha1_base64="7wQ64yoBuE2T+yLw1EK0T088uxM="></latexit>

�d,k = ↵k + N✓d,k
<latexit sha1_base64="oX49oOCzxIDFqR8vguwraj30SUQ="></latexit><latexit sha1_base64="oX49oOCzxIDFqR8vguwraj30SUQ="></latexit><latexit sha1_base64="oX49oOCzxIDFqR8vguwraj30SUQ="></latexit><latexit sha1_base64="JA9DaJ1zHd/ERAbV2xIJlA5flbw="></latexit>

�k,v = ⌘k,v + N�k,v
<latexit sha1_base64="y4kKxTk0FwLQY/PJPgsipLok7F0="></latexit><latexit sha1_base64="y4kKxTk0FwLQY/PJPgsipLok7F0="></latexit><latexit sha1_base64="y4kKxTk0FwLQY/PJPgsipLok7F0="></latexit><latexit sha1_base64="iZDZVeeThKj+n7U4K5DXB9TGjWs="></latexit>

Number of times word v appears in topic k
(across all documents in corpus)

Differences: Point estimates vs Distributions

Variational EM: Estimate Posterior over Parameters

q(� k;�k)
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Approximation of topic distribution for document d
Approximation of word distribution for topic k 
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EM: Computes most likely values for parameters

Fraction of words in topic k for vocabulary entry v



Performance Metric: PerplexityHeld out perplexity

BLEI, NG, AND JORDAN
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Figure 9: Perplexity results on the nematode (Top) and AP (Bottom) corpora for LDA, the unigram
model, mixture of unigrams, and pLSI.
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Figure 9: Perplexity results on the nematode (Top) and AP (Bottom) corpora for LDA, the unigram
model, mixture of unigrams, and pLSI.
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Jan-Willem van de Meent



Extensions of LDA
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Extensions of LDA

Reasons for popularity of LDA: 
• Dirichlet prior gives sparser vectors θd 
• LDA be extended to more sophisticated models



Extensions: Supervised LDASupervised LDA

�d Zd,n Wd,n
N

D

K
�k

�

Yd η, σ
2

1 Draw topic proportions ✓ | ↵ ⇠ Dir(↵).
2 For each word

• Draw topic assignment zn | ✓ ⇠ Mult(✓).
• Draw word wn | zn, �1:K ⇠ Mult(�zn

).
3 Draw response variable y | z1:N , ⌘, �2 ⇠ N

�
⌘>z̄, �2�, where

z̄ = (1/N)
P

N

n=1 zn.



Extensions: Supervised LDA
Example: Movie reviews
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• 10-topic sLDA model on movie reviews (Pang and Lee, 2005).

• Response: number of stars associated with each review

• Each component of coefficient vector ⌘ is associated with a topic.



Extensions: Correlated Topic Model

Estimate a covariance matrix Σ that parameterizes 
correlations between topics in a document

The correlated topic model (CTM) (Blei and Lafferty, 2007)

Zd,n Wd,n
N

D K

�

µ

�d

�k

Noconjugate prior
on topic proportions

• Draw topic proportions from a logistic normal, where topic
occurrences can exhibit correlation.

• Use for:
• Providing a “map” of topics and how they are related
• Better prediction via correlated topics



Extensions: Dynamic Topic Models

Track changes in word distributions  
associated with a topic over time.

Dynamic topic models (Blei and Lafferty, 2006)

AMONG the vicissitudes incident to life no event could 
have filled me with greater anxieties than that of which 
the notification was transmitted by your order...

1789

My fellow citizens: I stand here today humbled by the task 
before us, grateful for the trust you have bestowed, mindful 
of the sacrifices borne by our ancestors...

2009

Inaugural addresses

• LDA assumes that the order of documents does not matter.
• Not appropriate for corpora that span hundreds of years
• We may want to track how language changes over time.



Extensions: Dynamic Topic ModelsDynamic topic models
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Topics drifting in time



Extensions: Dynamic Topic ModelsAnalyzing a topic
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Extensions: Dynamic Topic ModelsVisualizing trends within a topic
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Extensions: Ideal Point Topic ModelsIdeal point topic models

�d

N
D

K
�k

↵

Wdn

Zdn

⌘

Xu

Legislator 
ideal points

Observed
votes

U

VudAd, Bd

�2
u�2

d

Bill content
(topic model)

Bill sentiment
variables

p(Vud = "yea" | Xu, Ad , Bd) =
exp(XuAd + Bd)

exp(XuAd + Bd) + 1
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Extensions: Ideal Point Topic ModelsIdeal point topics

dod,defense,defense and appropriation,military,subtitle
veteran,veterans,bills,care,injury

people,woman,american,nation,school
producer,eligible,crop,farm,subparagraph

coin,inspector,designee,automobile,lebanon
bills,iran,official,company,sudan

human,vietnam,united nations,call,people
drug,pediatric,product,device,medical

child,fire,attorney,internet,bills
surveillance,director,court,electronic,flood

energy,bills,price,commodity,market
land,site,bills,interior,river

child,center,poison,victim,abuse
coast guard,vessel,space,administrator,requires
science,director,technology,mathematics,bills

computer,alien,bills,user,collection
head,start,child,technology,award

loss,crop,producer,agriculture,trade
bills,tax,subparagraph,loss,taxable

cover,bills,bridge,transaction,following
transportation,rail,railroad,passenger,homeland security

business,administrator,bills,business concern,loan
defense,iraq,transfer,expense,chapter
medicare,medicaid,child,chip,coverage
student,loan,institution,lender,school

energy,fuel,standard,administrator,lamp
housing,mortgage,loan,family,recipient

bank,transfer,requires,holding company,industrial
county,eligible,ballot,election,jurisdiction

tax credit,budget authority,energy,outlays,tax

In addition to senators and bills, IPTM places topics on the spectrum.

of a yea-vote by legislator i on a specific piece of legislation d is then given by the logistic function

p(yea|xi,ad ,bd)⇠ s(xiad +bd) :=
exp(xiad +bd)

exp(xiad +bd)+1

This logistic function can be motivated by a model of behavioral choice (the probit function can
be similarly motivated) [4]. With this setup, ideal points learned by the model provide a lens into
legislators’ political leanings. Because the U.S. has two primary political parties which tend to vote
in blocks, ideal points indicate party affiliation; see Figure 2.
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Figure 2: Senators by ideal point, with
Republicans (red) and Democrats (blue).

Supervised Topics. We turn this model into a discrim-
inative model with supervised topics [1]. The supervised
topic model represents text documents with the gener-
ative assumptions of Latent Dirichlet Allocation: each
document is a mixture qd of topics, or distributions over
word counts [2]. These documents’ topics are then used
to predict documents’ sentiment parameters ad ,bd with
a linear model. The topics b naturally adjust during in-
ference to improve the model’s predictive performance.

Posterior Inference. Note that the only observed vari-
ables in the model are the text of each legislative item
and an incomplete user-item matrix of votes. To estimate
values of the hidden random variables, we use posterior
inference. To fit this posterior, we derived fast varia-
tional updates [6] 1. which converge much more quickly
than Gibbs sampling (the current state-of-the-art).

Experiments: Analyzing the U.S. House and Senate

We studied the performance of the ideal point topic model on 14 years of data from the United States
House of Representatives and Senate. We first demonstrate how the ideal point topic model can be
used to explore legislative data; then we evaluate its generalization performance as a way to predict
votes from bill texts.

We collected roll-coll votes for Congresses 104 through 110 (January 1995 to January 2009). Only
votes regarding bills and resolution final passage was included (as opposed to amendments of the leg-
islation). We downloaded the data from Govtrack, an independent Website which provides compre-
hensive tracking of legislative information to the public. Our collection contains 4,915 documents,
1,253 unique legislators, and 1,802,767 yea or nay roll-call votes (all other voting information, such
as abstentions, were removed from the dataset).

To select tokens, we first lemmatized the documents with Treetagger [10]. Then we retained a
vocabulary of statistically significant n-grams (1  n  5). After this, our vocabulary contained
4,063 unique n-grams (used as tokens) with 667,648 total n-gram observations.

In all of the fits described below, we ran coordinate ascent variational inference until the objective
function increased by no more than 0.001%.

Exploring topics and bills

In this section, we examine a fit of the ideal point topic model for all the bills and votes of a session.
This demonstrates the model’s use as an exploratory tool of political data. For this analysis, we used
dispersion sd = 0.001 and 32 topics. We focus on the 109th session (January 2005 to January 2007).

The regression coefficients of the ideal point topic model ĥ provide a window into how the preva-
lence of each topic in a bill correlates with its corresponding difficulty and discrimination parame-
ters. When used for exploration, this parameter demonstrates which topics are likely to receive yea

1Correlation between legislators’ ideal points with our variational and existing (MCMC) methods exceeds
0.98.

2

p(Vud = "yea" | Xu, Ad , Bd) =
exp(XuAd + Bd)

exp(XuAd + Bd) + 1
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LDA: Summary

• Idea: Model documents as mixtures over topics 

• Model parameters (estimate with VBEM)  
θd  Topic probabilities for each document  
     (K-dimensional vector for each document)  
βk Word probabilities for each topic  
    (V-dimensional vector for each topic) 

• Dirichlet Priors: Enforce sparsity, associate a small 
number of topics which each document 

• Extensions: Can design graphical models that  
build on LDA for a variety of modeling tasks


