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[dea: Perform a non-linear dimensionality reduction
iIN @ manner that preserves proximity (but not distances)



Manifold Learning
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Visualizing data using t-SNE [PDF] jmir.org

L Maaten, G Hinton - Journal of Machine Learning Research, 2008 - jmir.org

Abstract We present a new technique called" t-SNE" that visualizes high-dimensional data by giving
each datapoint a location in a two or three-dimensional map. The technique is a variation of Stochastic
Neighbor Embedding (Hinton and Roweis, 2002) that is much ...
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PCA on MNIST Digits
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Swiss Roll

Euclidean distance is not always
a good notion of proximity



Non-linear Projection
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Bad projection: relative position to neighbors changes



Non-linear Projection
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Intuition: Want to preserve local neighborhood



Stochastic Neighbor

High Dim

-mbedding

Low Dim

Similarity in high dimension Similarity in low dimension
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Stochastic Neighbor Embedding

@ Similarity of datapoints in High Dimension

exp(—||xi — xj||*/207)
> iz (=X = xi|[?/207)

@ Similarity of datapoints in Low Dimension

Pili =

exp(—|lyi — yjlI°)
D ki xP(—|lyi — ykl[?)

i =
Pi = 1pjiljz

Vector with entries

p;ji;i pjiforallj#1i
C =) KL(PIQ) S‘S‘PJI’%’ ’ 0. =14,
i i _I?él | ! Jlidj#i

ldea: Optimize yi via gradient descent on C

@ Cost function




Stochastic Neighbor Embedding

Gradient has a surprisingly simple form

0C
dyi

— Z(Pﬂi — djji + Pi|j — Qi|j)()/i — )/j)
JF#i

The gradient update with momentum term is given by

y(®) — y(t=1) | 77é)C

y(t=1) _ y(t=2)
B )

YW is a matrix containing the low-dimension representation of all
the points at iteration ¢



Stochastic Neighbor Embedding

Gradient has a surprisingly simple form

0C
dyi

— Z(Pﬂi — djji + Pi|j — Qi|j)()/i — yj)
JF#i

The gradient update with momentum term is given by

0C
dyi

y() = y(t=1) 4 2= 5(t)(y(t—1) _ y(t—2))

Problem: pyiis not equal to pij



Symmetric SNE

@ Minimize a single KL divergence between a joint probability
distribution

Old cost function

€ =KLPIQ = > > p,JlogqU 2, Z#P]thgﬂ
I JFEi
@ The obvious way to redefine the pairwise similarities is

el — x?/207)
I S ep(—lxi — il 2/207)

exp(—|lyi — yjlI%)
> iz P(—|lyr — yil|?)

If the i™ point is an outlier all p;j's are small. Which means that the cost function C'is

qij =

insensitive to the positioning of the e point’s representation in the lower dimensional space



Symmetric SNE

@ Minimize a single KL divergence between a joint probability

distribution

C=KL(P|IQ) =33 pjlog™:

I jFEi

Solution for weakly determined outlier points.

pij

qij

_ Pji + Pi)j
ON
exp(—|lyi — yjl1%)

ez exp(—llyr — yill?)
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The total probabilitylof the

i™" point is at least —
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Choosing the bandwidth

_ pjji + pij N exp(—||xi — xj|1°/207)

Pjli =
2N i ep(—llxi — xil[2/207)

Bad o: Neighborhood is not local in manifold



Choosing the bandwidth

o — Pili = Pil i = exp(—||xi — xj|[*/207)
’ 2N . Zk¢ieXP(—\|Xi—Xk||2/20;2)

Solution: Define o; per point.  Good o Neighborhood contains 5-50 points



Choosing the bandwidth

pjli + Pilj exp(—||xi — xj||°/207%)

Pili —
IS s exp(—|[x; — xk|[2/207)

Solution: Define oj per point.



Choosing the bandwidth

pjli + Pilj exp(—||xi — xj||°/207%)

Pili —
IS s exp(—|[x; — xk|[2/207)

Solution: Define oj per point.



Choosing the bandwidth

Perp(p;);) = exp H(p;);) = exp™ =i P/ 5Pl

Set 05 to ensure constant perplexity



t-SNE: SNE with a t-Distribution

Similarity in High Dimension

Pjli T Pi|j N exp(—||xi — xj|[%/207)

Pij — Pj|i —
Y IS i exp(—||xi — xc|[2/207)

Similarity in Low Dimension
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Gradient
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PCA on MNIST Digits
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t-SNE on MNIST Digits
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t-SNE on MNIST Digits
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t-SNE on Olivetti Faces




t-SNE on Olivetti Faces




t-SNE on Olivetti Faces




Manifold Learning
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