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CS4800 Algorithms and Data s B ‘ : ;
Fall 2009 ; | e/ x

Lectures 6 - Thursday : \},..gM/ ool
Goals this week and next ... cm-ﬂi‘"“k : mnlhwm-ﬁ( dechy
Decomposition of Graphs e g
Depth first and breadth first search : ' - | cag’*;_n

Graphs can be undirected or directed.

Adjacency matrix

e — 1 if there is and edge from v; to v;
1 0 otherwise

For undirected graphs, the matrix is symmetric.
It is n x n for a graph with n = |V/| vertices vy, vs,...,v,.
An edge {u,v} can be taken in either direction.
Can check if an edge is present in constant time with one memory access.
Takes O(n?) space which can be wasteful.

Adjacency list
Consists of |V| linked lists, one per vertex.
The list for vertex u contain all v that v has an edge toward. ((u,v) € E)
Each edge is in one or two lists.
Total size is O(|E|). (What about O(—V—)7)
Checking for presence of an edge is NOT constant.
Easy to find all the neighbors of a vertex.

Which is best?

For a non-degenerate graph, |V| < |E| < |V~
At the low end, G is sparse; at the high end G is dense.
The WWW is sparse so a list representation is plausible.

Depth first search
Search a maze with only chalk and a ball of string.



Chalk = Boolean variable “visited”

String unwind to next location = push

String wind back to last location = pop
Recursive version

EXPLORE(G, v)
Input: G = (V,E) is a graph: ve V
Output: visited(u) is set to TRUE for all nodes u reachable from v
visited(v) =TRUE
PREVISIT(v)
for each edge (v,u) € E:
if NOT visited(u):
EXPLORE(G, u)
PosTvisiT(v)

PREVISIT and POSTVISIT are optional.
We do get to all vertices that are connected to v.

DFS(G)
forallveV
visited(v) = FALSE
forallveV
if NOT visited(v)
EXPLORE(G, v)
(a)
B . (D
B ® 1 ©
O © ®
D)



Solid edges traversed on a call to EXPLORE that led to discovery of s new
vertex.

Solid edges form a tree and are tree edges.

Hashed edges led to old stuff. They are back edges.
Analysis

1. Each vertex is EXPLOREed just once - thanks to chalk.

Some amount of work marking spot and PREVISIT and POSTVISIT.
Total time O(|V]).

2. Loop in which adjacent edges are scanned to see if they must be followed.
Each edge examined twice O(|E|).

Total time O(|V| + |E|) time it take just to read the list.

Connectivity in undirected graphs
To count connected components

PREVISIT(v)
CCNUM[v] = cc

where cc needs to be initialized to zero and to be incremented each time
the DFS procedure calls explore. Runs in linear time.

Previsit and postvisit orderings
These two routines will become important.
clock to 1.

PREVISIT(v)
pre[v] = clock
clock = clock + 1

POSTVISIT(v)
post[v] = clock
clock = clock + 1

Property For any nodes u and v, the two intervals [pre(u),post(u)] and
[pre(v), post(v)] are either disjoint or one is contained in the other.

3



Proof: [pre(v),post(v)] is the time v is on the stack and stacks are first-in-
first-out. a

Figure 3.7 DFS on a directed graph.

' (A)116
e ke I T .
| B 21 C)1215
v V q * . Y [
k! “E \D, E 3,10 (D)13,14
i | 7’ \H/
4,7\ F VH)
A 5 J /89
] 4 ’,
560G )

A is the root of the search tree.
Everything else is its descendant.
Ancestors have descendents.
Parents have children.

Tree edges are actually part of the DFS forest.

Forward edges lead from a node to a nonchild descendant in the DF'S tree.

Back edges lead to an ancestor in the DFS tree.

Cross edges lead to neither descendant nor ancestor; they therefore lead to a
node that has already been completely explored (that is, already postvisited).

Ancestor - descendant relationships and type of edge can be read from the
PRE and POST values.

Depth-first search strategy = u is an ancestor of v if u is discovered first and
v is discovered during EXPLORE(G, u).

[

[ 1]



PRE/POST ordering for (u,v) compared to Edge type
Tree/Forward

Back

Cross

[ [ ] ]
(1]
(1 0]

Directed acyclic graphs - dags

A cycle in a directed graph is a circular path vy — v; — -+ - v — vg —.
A dag without cycles is acyclic.
Testing for acyclicity is linear ith a single depth-first search.

Property A directed graph has a cycle if and only if its depth-first search
reveals a back edge.
Proof: < If (u,v) is a back edge, there is a cycle made by this edge plus the
path from u to v.

= If the graph has a cycle vy — v; — ---v; — vy —, look at the first
node on the cycle to be discovered - the one with the lowest PRE rlu ber.
All other nodes on the cycle are reachable from it, i.e. are its—a:egggté%"gut
vi_1 — v; (or v — vy) goes from a node to its ancestor and is then a back
edge. O

Directed acyclic graphs - dags can model things like: causalities, hier-
arhcies, dependencies, prerequisites.

For task dependencies, all tasks leading to a node must be completed before
the task can be started. If the graph has a cycle this is impossible. We can
always linearize or topologically sort a dag.

Property In a dag, every edge leads to a vertex with a lower POST number.

This give a linear time algorithm to linearize a dag: order by decreasing POST
number. ANV

source = vertex with no in edges
sink = vertex with no out edges

Property Every dag has at least one source and at least one sink.

e Lintanize MY

% 4 J;:. 5 3.9 3(41'(;]'\\



Strongly connected components.
Connectivity in undirected graphs is easy.

Two nodes u and v in a directed graph are connected if there is a path from
u to v and a path from v to w.
See figure 3.9. page 91.

This relation is an equivalence relation. It partitions V' into disjoint sets
called strongly connected components.

Shrink each component to a point and connect these points with an edge in
th direction any edges go.

Property The meta-graph of strongly connected components is always a dag.

A directed graph is 2-tiered:
A linearizable dag of strongly connected components
A directed graph inside each component.

Efficient algorithm for strongly connected components

Property 1 If the EXPLORE routine is started at node wu, then it will termi-
nate precisely when all nodes reachable from u have been reached.

Vo] If we EXPLORE from a node in a sink component, we will discover exactly
) the nodes in that component.

Property 2 The node that receives the highest POST number in a DFS must
lie in o source strongly connected component.

This follows from

Property 3 If C and C’ are strongly connected components, and there is an
edge from a node in C to a node in C', then the highest POST number in C
is bigger than the highest POST number in C'.

Proof: If DFS visits C before C’, then all of C and C’ will be traversed
before it gets stuck. The first node visited in C' wil have the highest POST

number.
If DFS visits C’ before C, then DFS will get stuck before visiting any of
C. So C vertices will have the higher POST numbers. O
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the algorithm
1. Run DFS on G%.

2. Run DFS on G from vertex in 1 with highest POST number. Remove
those vertices from G (or their component from the dag) and repeat
starting with the remaining vertex highest POST number from step 1.

Show what happens on a graph.



