
Dynamic Programming Cpartt) Lectures
IPB]_\ND•B&C

6-
*Divide &conquer • Brute force

°P☐"=÷¥¥÷÷; Amaurosis)• approximation
GREEDY

ftp.Diide/spkt/decide • consider many / all possible splits
⇒ implies SUBPB | (some

not
• Solve waxy SUBPBS going to be used)

• Solve SUBPBS
,
• make decision / divide / split
BASED ON SUBRIB solutions

• Sd - combnhecsubpb-sott.Y.wnsiaerswp.pro (decision) alreadysolved ?
• Sole combine( suspb-solutions



DP writing recipe (required)
① Characterise •☒Tsa = function ( sub-pb-opt.si)⇒D&c

⑦ recurrence of the objective CGIpit] -ÉÉ[suspE
2⑨ visual table of PB-soBPB dependencies .

③ bottom up computation : solve suspb in the table
(Pseudocode) in what order?

④ Trace solution (if necessary)



DPI Rod cutting nlensoth wire Cod)

MY
" "

:p;¥,¥É¥÷:•
task : cut wire for optimal total value .
Greedy? n=9

; 6+3
value 11.5

31-3+3 → 13-5Froot £+4y → 8+6.4
OPTSOL

K?⃝
h=H Greedy 5+51-1 ⇒ 17

• 41-41-3 ⇒ 17.3
OPTBOL



⑦ msn.e.ie#ei?.e7leupthsbeisng.wi-.K↳ he

--

I
OPTSOL

&
OPT

80 fgthb forbugthh
DNC

works by exchange op

⑦ Dotbjectve recurrence input-n
search

Cfn] = ¥# first length (a) →sabpbb

ma☒{ + c[n--e⑨ }
I :{KEN valuer

added
↳
best we can do for input



ZBO Gasps table dependencies . : unidim

@
-lol←④☒*.d-Max_✓m original

⑧bottom-up computation : solve all problems in table
order : left→ tonight
CG] =D K#of

torn .=1:n?⃝M length¥1k
✗ search for k

best -6 best-1<=-1

( g-
for k=& : all lengths posable Otay

if u-ero skip
Caton-ee] > best)
best= Vliet Citta]

I



best-k =-KL

(a) =bestsaid -⇒ best - k ✗ what cut K achieves obj CED

④Trace Solution * add in pseudocode
sesame input as]= the choice made

a

-Print solution ( n)

output k= SAD ⇒ lk , he[ Print solution (n- lk)
undless info



D④ Given change to a cents with nut#coins
coin denom { d.=L , dz, dz ,

. -
-

die} • amount
coins

.

b us① dream one É¥¥÷⇒
② an]=&÷¥nk¥:e[n}MY rae added Subpb

2③



③ bottomup comp f-→ R

eco) = 0

For n=1 : na?⃝-
input out

init : best _→• bestie -1

For K =L : last deu.am En

if fttccn-die] < best) then best- Hea-da]" {best_k=k_
Cfn] - best ✗ the #of coins quin ,

withouts

Ccu-wax]
scn] = best-k ✗the coinercoin&[ check

ca-mail __ttcfCfa-mail = halve
④Trace



Exercise Activities
'

Selection Sr :) Sz . - - Sn
Fa , -E- - fu}tmes

0B£ : wax total time .

①ai.EE.si

i§µ¥⇐÷¥÷→ÉÉ¥,
② ⑨GtarttmeJ=\
4%¥¥mW¥{die + ctfu] }Fk-Sa

¥④ ddd§



2③

#€*÷.



given .

*

:÷÷:"÷F¥F¥÷⇒PG;D- penalty for stepping
3

task Wak from anywhere
row -4 to anywhere on

,yÉ€
row = M

3Valid moves☐¥
^ 2 3

-
-
- wa

- burrows , n
colours

.

minimize the penalty
• assume talk = cylinder column Katt _- columns

column -1 = column n

For step , reformulatep④.¥¥¥A cell Cmt) 0¥?



if path rout → aKij④→ rowm is optimal

-FTFnd
auyuhrrowmrows to cell ij down to celled;)

② c[IÑÉ*]=pe¥+T j

search
east"oñE¥¥☐i.ie#FYf-ij-ljj+ipa;jYY-tcco-s,is9eCi-yj+D2Dtable



LeiEm ; Kj ← n
i÷
.

÷#÷÷:÷÷÷÷÷
.

Wuestbe already computed .

③ firstrow : Q1
,g) = PCL,j] Vj

for &=2 : m know order matters

for j-t.in#-=---argnnnjLcCi--s, ,
Cci -1, , c[i-yj④}( [ ccigp-pcisittcci.ie, a)penalty

sci,j3= K



Simple DPs look like not DP
.

☒ to ok#

for n=2: Max -n Fn=Qn]

( Fn =Fn-1 ttn-2

(1) = h choose knee choose subset of seek

gun out of a elements
""
""

☒ (E)+0M¥ )
143 . .

.

n}
• choose "

⇒ Pascal A ,¥¥¥%É ,
•
hot choose Un "



Clack]=( 1$
for in __i : max - n

tuk: ti, n 0-62)⑨ cfuii-ecnwk-itcen-i.ae]



DP①Dknapsack .

items Kaline , waists

✓↳ vz -

- - Un

whole Uvewz . - Wn
2- knapsack total

weight .

Ith" critical OBS : maxtetalnhne

• doff us coins
,
Edteeihtsi.EE

table changes because each item

can be used 0/1 times
.

ifemsetcorahukar) wusstbepartot

y chaupiepitpwitzzg
①

knapsack
Cfbjall items] ccu.io :# items uofonktt]



② t%¥Éhuay, allikms -set

ÉCZ , all items]=vµ*ac[zwe > allied]
choose item

⑨ma¥-•!Tl

✓?⃝"€2-Way¥G.

-

→µItems#b•
Handfast}

i¥!Éañ
.



Indexing> Trick : index elements global order
1,3 -3, -

- n not changeable
not uecess.in#r,weisht-sort,ralue-sorf
Item set In -_ 41,3 . - - n} IA :n]

Partial sets In-1--2112 , . - us} Ici :n⇒ { g- (a)In-2--11,2 .
-

-
h -23 Itt:u-2] subsets

1--4 - { 443,4} IG. :&] (pretty

slept
?

knapsadegity.ge + Hagen ✓prefix
set

s.HR#z,InJ----V*ntcf2-w*n,T--n-s ]
search¥0 dontuse

itemn C[2 , In,]
OH

scz , !¥I¥l= 1- if misused ; oifuot



wishful thinking : use prefix Sussex Cihdexenptncle)
④ a

t-wn-ioe-i-1.gg#g-i-n-z-*sEiYfs@

F-
.

zwn•- -
- -
-

r¥→¥¥÷•••|a

•Z-H-wn.LI/2-wn-wn.----T&-T---i:n-z
•

°

② (nz) bits -

• theoretically #p.qnm.ae#yHt1-i-siyeis0-ceoH→•

o→¥→
Il Iz Ing Int Int In=IE :D

21-3 444 a :n-D



Ya#is 2,2- Wu , 2-uh-was, 2-Wn-L
2- subset of weights

• requirement ; 2,wif discrete rayse)
eaanp# =☐ : 157

deft :.is#.--mEHOPTSoL
assume OPTS or its presented inihdek.fr#rGPTSoL--7oPTS0L---DYymtOoPTS0L
2
,
all items 2)Ict: im] ¥, (ZWm,Iim→)

1,3 . - Dm-1
118



Matrix Chain Multiplication
ex * ✗ (B ✗CM = Ctx ✗ C
his 30×5 5¥ ④20 Boots 5×10 10×20

(
""

¥*.5×10×20

①|* *

30×5×20
5×20 30×6

total 3.ooo # boo operation 30×0×0
STEPL optimal {

"total 1500+6*00
?⃝AiAA→.ee/&+i.oP-malAnJ#.poxpyPYPzPHP3PKFPK Pk✗PkM

pn-ixpnwwtisfhebeps.EE?itipordor?-=pPu4tIpP"

parenthesis
last wnltipcop) : Poxpktpn



Bute farce : Try all possible

parenth.asic-4ED7fCAB14DCA@BDftfBdDfABcDDn-tt.a??a
.

I £5B As -

.

A B CD

#ways ↳ parenthesis
'

=.ae?IiaYaiayn-g.exad-fYtH.h-.#-&E?.-r-F.¥÷p!÷g* . - *
②[ij] -best cost for Eirik.ph/iiPyieAiMA-itEI-.AjcostlastopbookforIaFtJoplkpi.apa.pgtcciotca-I.ES
i<
scik



e-i ④(vis)

÷÷;¥¥÷÷÷÷÷÷÷. ..n±2✗ny¥¥¥#*←÷?É÷
→



Dependency fyewnoization
Corder SUBPB

comp_É£afatbe
⇐ recuse stack

☐→ recurve if ma;] already amped Cf] cache computed
@→m=C not make recursive

call values

Lf
-

never compute again c
→ choice

scijf-k-nerer-reura-onompntedrd.ve

I
only recourse on Kwun -amputate] all
THAT ARENEEDED



Mewizatiou speeds up when it doesnt solve

all SUBPB in dependency the

PB MI¥¥inmuA=¥⇒¥?fvis
anyway

?
fable

§g÷!;"%t•÷:÷÷÷÷÷=



LCS = longest common subsequence .
→
lastocctce)

✗ =-€✗É] ✗* ✗a :c] Prefixes
based

7- fIEÉ%j%ÉÉ:j]÷g←
Gunman Zsulseg of✗

sus sequence
2-

zsussegofy
wax K

① SOPBOL =L ⇒ 2*1=211 :kifoptsolatomstructure
to some ✗Gi ? ] , 411 : ? ]

prefixes up teze
assume value
Zoe occurs in ✗ and 4



②AC[igj]= wax of
common subsegfxct : i ]

§ § flensth) LCS {YES :j] }
=

:

Zk is Isna ←→Xi=Yj Cfitsj-1) +I

{ *:# yj → Hi c[is,j]
↳ go.fm#ceisir-i@0ca

⑨
Sffj] = {

which mare is uaxaobj
•
←% " " I



Mint thin

I £4 0cm a)



LEFCTURE8 Optimal BST ordered values Keske
-
.

£

ea¥ ④--depth 0 ④
1 ¥⑥ ↳depth ②

☒!\☒ ¥daptm⑥ Hates
☒ to d¥ 6th

Search probability : Prfkii)=⑧
not uniform

Prfdi) =⑧ di , searches
for robes

kid
Val Zkisy

Epi c-Eqd - L
depth - level

optimality : huh expected search cost

iEIdepthKi1tDpitFz@eptacdi1tif.qi



slept

sumto

NÉE "R

IPI : r -t all probs for¥*.
Left side

dlo : ri der : n]÷÷÷
Prat . -

- Pn
qo . - are}°-Pbl %qr .

. - qn1-PR

search : 0.61M¥ Search : o.q.at
best way to search (KC" that way to ÉEdEi



② cfigj] = besfcoit for keys Ki
, Kaa, her

.

- kj

E[ÉI
" tree

find r left subtree

Gearin -?⃝Cfi ,r⇒*??⃝c[rt↳j]
search -_MIN prob PBL pros PBR
fkrwoot) geardriul-efts.de#bLn.step search Pbrtrue

II.pr -1*1 wateFi÷Ñ¥É¥7Fett
I.
looking

# WCigjJ=?⃝tt akpmsal.inmother t -I
+="

Ci :j]
sumofpnsas
left side



Jars on ladder µ steps kgars .

n=É task : find highest levee L where

jars dont break (they break at LTL)

g←arpf LE L ⇒ doesnt break → can reuse it$÷:÷.IE#---::::ii:::.:::::::::.-::i:÷÷
.

:*
jarl
0B£ : wuhiwme # trials in worst-case
fears ←
-

jars

• K > lopn → binary search



/ of stock i yearjput÷÷it÷÷ .

:j
f
☒ →⑧*t$N .

rij

a) pick best steak that year

b) • PT son

5^4 to

pseudocode er Rt
fh*•d split
based on fee?



d) mat allocation per stock $15000

OPTSOL Chardct ?
still •* ?

prv
NOTworking speculation : - DP structure wires

- CC] table of
Svsph

has to be bounded?



Painters ( fence problem) fence = boards sequence
Si = length of board i

⇒FILED - .
- KEI

KpPainters saute speed poiiatdonéyiiiitast Painter

painter t ' be -
-

- bpz → the1=-2 length /boards)
2 ! bpzti -

- - bps ¥ bi ftp.ratnler)
E- Ik-lbpk.ir .

.
- bpkK!

bpkt , - - -
- bn

Task : partition boards (find . . -④e)
such that the longest pos is minimum

(scenario : painters amok in parallel⇒
=D fire to finish ⇐longest gob/partition)



ccjj-YKIJ-bestemiy.fr:L;) to paint boards -1 :*
6 #painters with painters HI, - - k↳d.

•¥¥F¥É!§=sÉr§M¥{ cqi.pe , K-D ;for
Ébe

•¥ia¥:arEpÉinkd E- Pkt '

Ota? by painter 1<-1
-

total Rit . 8- (nk ✗ n)

search on flognltme→ ② (n k↳x)

☐ •=#[pie , kid - ¥¥É¥?⃝
candidatePK?



cumul Cumae

É St = Bn- Bpa
E- pret b pie

Ébt Ebt
F- I

t-l-NET.ee#smidEons



Sefofvahes A- { an ,a -
-
- - an }

Crate Batey BUC
__ A

partition
a ¥:&

Eai I Tajaj?⃝aiEB

Sussetsun as
close

wantBofebnads Eaifa$ Tegmen E-EE
aitb possible

knapsack Ai= takes-heights



Att Rene problem A-= hae .
-
- an}

Want 3-set partition B. UcUD=A

any Bnc - etc-01
hiiwtue | weak-sire - hungry /port
-

* Same pb A- Buc Bnc-01
want balance I ai

-1 E aj
B

1B / =/ 4--12 never

hit CCW ,w,w]3args



NEZ given denominations { dendz .
- die }

want to list all possible ways ¥f partition .

h as Sun ( denom) .

h=3o demon - 11,410,92€
3251-5

251-1+1 1- It 11-1

lot 101-20

lot of 5ft

10 to 1- sit 1+11-11-117
i

nasion denom- { It: K}
person : print #posses , withAthan



A- demon = MY actual used Dien

Partition Problem
. : decompose n into a sun

Caditrve) of smaller integers

mhuts~a-MMF-sw.tnmbo-H-pbmb.es/pKtafsematch ya
by Sz . - bun

1h>b

matdnlhem-cawaf.se#ulytryonrsbOJsn---b
(cannot ompon 2 ncb

nuts )
• use ng as pilot for

bolts '

use by
ato partition nuts€⑦→±k TE



he

€1bn Yg
> se

partition
leftbolts

¥ÉmIw
f- permutation of indices

C1?¥É
ACS] = Acsi AGI .

- d- Csn] sorted .

I= inverse pan SCI)= C ,h- n)

Taahegetsc.la#ai.--nevxaahe
fix GIeffiaat⑦ ( branks for aid

sold - rnew



want TIM > any polynomial Tink wfnc)
example to

TIM 2 any exponenta TAD → fan)fa

-

Tournament : A- fax . - - an]

majority dew occurs § Its tires .

Find uwijooty elem of it exists

-aiaretaot sortable , Satoruparable ai==ai ?

* in


