Summary: NFA and DFA recognize the same
languages

We now return to the question:

» Suppose A, B are regular languages, what about
enotA :={w:wisnotinA} REGULAR
cAUB:={w:winAorwinB} REGULAR
«cAoB ={wyw,: wy;inA and w,in B}

e A* ={wiwy...w, :k>0,w;inA foreveryi}



Theorem: If A, B are regular languages, then so is
AUB ={w:winAorwinB}

«Proof idea: Given DFA M, : L(M,) = A,
DFA Mg : L(Mg) = B,
*Construct NFAN :L(N)=AUB




Construction:
«Given DFA My = (Qa, Z, da, 9a, Fa) : L(My)

DFA MB — (QB, Z, 65, qB, FB) i L(MB)
*Construct NFAN = (Q, %, 9, q, F) where:
Q:=7
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DFA MB — (QB, Z, 65, oI-¢ FB) : L(MB)
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Construction:
«Given DFA My = (Qa, Z, da, 9a, Fa) : L(My)

DFA Mg = (Qg, Z, g, g, Fg) : L(Mg)
*Construct NFAN = (Q, %, 9, q, F) where:
Q:={qtUQaUQg , F:=F,UFp
3(r,X) :={0a(r,X) }ifrinQuand x ¢

A,
B

(I, X) ;=7 if rin Qgand x #¢



Construction:
«Given DFA My = (Qa, Z, da, 9a, Fa) : L(My)

DFA Mg = (Qg, Z, 05, dg, Fg) : L(Mg)
*Construct NFAN = (Q, %, 9, q, F) where:
Q:={qtUQaUQg , F:=F,UFp
3(r,X) :={0a(r,X) }ifrinQuand x ¢
0(r,x) :={0g(r,x) }ifrin Qgand x # ¢
*5(Q,g) =7
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Construction:
«Given DFA My = (Qa, Z, da, 9a, Fa) : L(My)

DFA Mg = (Qg, %, 6g, g, Fp) : L(Mg)
*Construct NFAN = (Q, %, 9, q, F) where:
Q:={q} UQ,UQg , F:=FoUFg
3(r,X) :={0a(r,X) }ifrinQuand x ¢
0(r,x) :={0g(r,x) }ifrin Qgand x # ¢
*5(q,€) = {Ja, 9B}

\We have L(N) =AUB

A,
B
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s L={win{0,1}" : |w| is divisible by 3 OR
w starts with a 1} regular?
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Example
s L={win{0,1}" : |w| is divisible by 3 OR
w starts with a 1} regular?

ORislike U, sotrytowrite L=L UL,
where L1, L2 are regular
L. ={w: |w]is div. by 3} L, ={w :w starts with a 1}
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Example
s L={win{0,1}" : |w| is divisible by 3 OR
w starts with a 1} regular?

ORislike U, sotrytowrite L=L UL,
where L1, L2 are regular
L. ={w: |w]is div. by 3} L, ={w :w starts with a 1}
L(M)=L(M.) U L(M,)
=L UL
=L

= L Is reqular.




We now return to the question:

» Suppose A, B are regular languages, then
enotA :={w:wisnotinA} REGULAR
cAUB:={w:winAorwinB} REGULAR
«cAoB ={wyw,: wy;inA and w,Iin B}

e A* ={wiwy...w, :k>0,w;inA foreveryi}



Theorem: If A, B are regular languages, then so is
AoB :={w:w=xyfor some
XinA and yinB}.
Proof idea: Given DFAs M,, Mg for A, B

construct NFAN : L(N) =A o B.
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Construction:
«Given DFA M, = (Qa, 2, 34, a, Fa) 1 L(My) = A,

DFA Mg = (Qg, %, 05, dg, Fg) : L(Mg) = B
*Construct NFAN = (Q, %, 9, q, F) where:
Q=7
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Construction:

«Given DFAM, = (Qp, Z, 84, a, Fa) : L(My) = A,
DFA Mg = (Qg, %, dg, Qg, Fg) : L(Mg) = B

*Construct NFAN = (Q, %, 9, q, F) where:

Q:=QaUQg, q:=7
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My Mg
(2
0] =
oc© *C%?

Construction:
«Given DFA My, = (Qp, Z, 84, Qa, Fa) - L(My) = A,
DFA Mg = (Qg, Z, 0g, Qg, Fg) : L(Mg) =B

*Construct NFAN = (Q, %, 9, q, F) where:
Q:=QaUQg, q:=q, , F:=7
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Construction:
«Given DFA M, = (Qpa, Z, 04, Qa, Fa) : L(My) = A,
DFA Mg = (Qg, Z, 0g, Qg, Fg) : L(Mg) =B

*Construct NFAN = (Q, %, 9, q, F) where:
Q:=QaUQg, q:=q, , F:=Fg

d(r,X) :=7? if rin Quand x #¢
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Construction:

«Given DFAM, = (Qp, Z, 84, a, Fa) : L(My) = A,
DFA Mg = (Qg, %, dg, Qg, Fg) : L(Mg) = B

*Construct NFAN = (Q, %, 9, q, F) where:

Q=QaUQg, q:=q, , F:=Fpg

3(r,X) :={0a(rx) }ifrin Qaand x # ¢

(r,e) =7 ifrin FA
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Construction:

«Given DFAM, = (Qp, Z, 84, a, Fa) : L(My) = A,
DFA Mg = (Qg, %, dg, Qg, Fg) : L(Mg) = B

*Construct NFAN = (Q, %, 9, q, F) where:

Q=QaUQg, q:=q, , F:=Fpg

3(r,X) :={0a(rx) }ifrin Qaand x # ¢

d(re) :={qg}tifrinkF,

d(r,X) :=7? if rin Qgand x #¢

J
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Construction:
«Given DFA My, = (Qp, Z, 84, Qa, Fa) - L(My) = A,
DFA Mg = (Qg, Z, 0g, Qg, Fg) : L(Mg) =B

*Construct NFAN = (Q, %, 9, q, F) where:
Q:=QaUQg, q:=q F:=Fpg

3(r,X) :={0a(rx) }ifrin Qaand x # ¢
d(re) :={qg}tifrinkF,

3(r,x) :={dg(r,x) }ifrin Qgand x = ¢
*\We have L(N) =Ao0B

J
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Example

s L={win{0,1}* : w contains a 1 after a 0}
regular?

Note: L = {01, 0001001, 111001, ... }
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Example
s L={win{0,1}* : w contains a 1 after a 0}

regular?

Let L ={w :w contains a 0}
L. ={w:wcontainsa1}. Then L=L olL..

M =
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Example

s L={win{0,1}* : w contains a 1 after a 0}
regular?

Let L ={w :w contains a O}
L ={w:wcontainsa1}. Then L=L olL..

M = 1 0,1

1 , 0
()~ ) ., ()
Qg Eing WiV o)
L(M)=L(M)oL(M)=L oL =L

= L Is regular.



We now return to the question:

» Suppose A, B are regular languages, then

enotA :={w:wisnotinA} REGULAR
cAUB:={w:winAorwinB} REGULAR
«cAoB ={w,;w,: wy €Aand w, €B } REGULAR
e A* ={wiwy...w, :k>0,w;inA foreveryi}



Theorem: If Ais a regular language, then so is
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Construction:
«Given DFA My, = (Qp, Z, 84, Qa, Fa) - L(My) = A,

Construct NFAN = (Q, %, o, q, F) where:
*Q:={q} U Qp, F:={q} UF,
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Construction:

«Given DFAM, = (Qp, Z, 84, a, Fa) : L(My) = A,
Construct NFAN = (Q, %, o, q, F) where:
‘Q:={q} UQa, F:={q} UF,

3(r,X) :={0a(r,x) }ifrin Qaand x # ¢

d(re):=7? ifrin{q} U Fy



Construction:
«Given DFA My, = (Qp, Z, 84, Qa, Fa) - L(My) = A,

Construct NFAN = (Q, %, o, q, F) where:
Q:={qtUQu, F:={q} UFp,

3(r,X) :={0a(r,x) }ifrin Qaand x # ¢
d(re):={qatifrin{q} UF,

\We have L(N) = A*
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Example
s L={win{0,1}* : w has even length}
regular?

LetL ={w:whaslength=2}. ThenL=L "

= L is reqgular.
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«AoB ={w;w,: wyinA and w,inB}
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We now return to the question:

» Suppose A, B are regular languages, then
*notA :={w:wisnotinA}
cAUB:={w:winAorwinB}

«AoB ={w;w,: wyinA and w,inB}

e A* ={wiwy...w, :k>0,w;inA foreveryi}

De Morgan's laws: A B = not ( (notA) U (not B) )
By above, (not A) is regular, (not B) is regular,

(not A) U (not B) is regular,

not ( (not A) U (not B) ) = A B regular



We now return to the question:

» Suppose A, B are regular languages, then
*notA :={w:wisnotinA}
cAUB:={w:winAorwinB}

«AoB ={w;w,: wyinA and w,inB}

e A* ={wiwy...w, :k>0,w;inA foreveryi}
cANB:={w:winAandwin B}

are all regular



