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1 PTAS for Independent Set

An independent set of an undirected graph G is a subset V' of vertices
such that no two vertices in V'’ have an edge in G. The INDEPENDENTSET
problem is to find a maximum-size independent set in G. It is known that
INDEPENDENTSET is NP-complete. In this problem, we investigate the ap-
proximability of INDEPENDENTSET.

Define the product of two graphs G; = (Vi, E1) and Gy = (Va, Es) as
G = (V, E), where

V = {{v1,v2) : v1 € V1,02 € Va},

and there is an edge between vertices (ui,ug2) and (v1,v2) in G if either
u; = vy and (ug,ve) € Ey or (u1,v1) € Fy. For a positive integer m, let G™
be defined by the recurrence relation G'*' = G* x G and G' = G.

(a) Prove that G has an independent set of size k if and only if G™ has
an independent set of size k™.

(b) Give a polynomial-time algorithm to construct an independent set of
G of size [kY/™] from any independent set of G™ of size k.

(c) Using parts (a) and (b), argue that if there exists a constant ¢ such
that there is a polynomial-time c-approximation algorithm for INDE-
PENDENTSET, then there exists a PTAS for INDEPENDENTSET.

It is easy to see V(G™) = V(G)™. There are two ways to decide E(G™).
One is described in the problem statement. The other is my “misunder-
standing”.

1. Vertices (v1,- -+, vn) and (ug, - -+, uy,) are adjacent iff the first different
pair of components are adjacent in G, ie., 3,Vj < i,v; = uj,v; #
Uq, (Ui, uz) S E(G)



2. Vertices (v1,- -+, vm) and (ug, - -+, uy,) are adjacent iff any pair of (dif-
ferent) components are adjacent in G, i.e., 3i, (vi,u;) € E(G).

The claims are proven for both understandings, with the same arguments.

(a) G has an independent set of size k <= G™ has an independent set
of size k™.

= : Suppose I = {wy, -+, wg} is an independent set of G. Then I™
is an independent set of G™, since Vv;,u; € I, v; and u; are not
adjacent in G.

< : Argue by contradiction. The arguments also provide an algo-
rithm for part (b). Suppose I’ C V(G)™, |I'| = k™ is an inde-
pendent set of G™, but the maximum independent set of G has
size at most k — 1. Look at the first components of the vertices
in I’. They only have at most k — 1 distinct values, otherwise
these > k values form an independent set of G. So there exists
I} C I of size at least k™! 4+ 1 whose elements have the same
first components. Use the same argument, it is easy to see that
there exists I! C I!_; C I’ of size at least k™~ +1 whose elements
have the same first 7 components. Therefore, there exists I], C I’
of size at least 2 whose elements are all the same, meaning these
two vertices are the same, i.e., |I'| < k™, a contradiction.

e Given an independent set I’ of G™ of size k, the algorithm scans the
components of the elements of I’ from the first to the last.

1. i —1,1I) — I', FOUND = FALSE
2. While not FOUND do the following;:

(a) I = the set of distinct values of the ith components of the
vertices in I},

(b) If |I| > [kY™], FOUND = TRUE

(c) Else find v € I/_; which has the maximum number of oc-
curence as the ith components of the vertices in I{_l; find
I! C I!_, whose elements have v as their ith components.

(d) i++

3. Output [

The proof for the < direction of part (a) guarantees the correctness
of the algorithm.



e Suppose A is a polytime c-approximation algorithm for INDEPEN-
DENTSET. Suppose the algorithm defined in part (b) is B. Let H(G)
denote the optimal solution for G. Let f(-) be a function f : R — N.
Define algorithms D as follows. On input (G,e), construct GY(®) in
either way; output B (A(Gf(g))). We need to determine f(-) such that
C(G) > (1 —¢e)H(G). We have:
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For C(G) > (1 — ¢)H(G), we only need (1) /1) > 1 — ¢, which can

be achieved by defining
1
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