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Will Seitz

An attempt at a simple explanation:


Because of the properties of <= (reflexive, antisymmetric, transitive) we know that if a is comparable to b and b is comparable to c then a is comparable to c. We can view A as a set of sets of comparable elements.


Given this, the longest chain is defined as the longest subset with all comparable elements. The antichain cover can not be less than this number because each antichain can only hold one element from this longest chain subset. If the antichain cover is larger than this longest chain then there must exist an antichain without an element that would go in that longest chain. For every element in this antichain there must exist another antichain that does not posess a comparable element. If this wasn’t the case then the number of these comparable elements would be greater than the longest chain. This is a contradiction. So for every elemenet in this antichain there exists a antichain that does not have a corresponding comparable element. So this antichain can be divided up amonng the other antichains by moving these elements to antichains with no comparable element. So the smallest antichain cover must be equal to the longest chain.

Via the hint:


(a) is the size of the longest chain in which a is the smallest element. Take a partition Ai where (a) = i for 1 <= i <= m. This gives you m partitions. The elements in each partition are not comparable (using the assumption: if ai <= aj and aj <= ai they are the same element within A). If they were comparable one would be smaller and they would each be the smallest element in differently sized longest chains. So each partition will be an antichain and together they will form an antichain cover of length m.

