Problem 1 Part b

Cast graph coloring as a decision problem:

Is there a set of colors k such that for the graph G, a k-coloring of G exists?

Show that your decision problem is solvable in polynomial time if and only if the graph coloring problem is solvable in polynomial time:

Poly( Decision( G, k ) ) ( Poly( Min-Coloring( G ) )

First, show Poly( Min-Coloring( G ) ) ( Poly( Decision( G, k ) )

Decision( G, k ) = Min-Coloring( G ) < k

This takes time proportional to 1 + Min-Coloring.  Two polynomials added yield another polynomial, so the decision problem is solvable in polynomial time if the min-coloring problem is solvable in polynomial time.

Now, show Poly( Decision( G, k ) ) ( Poly( Min-Coloring( G ) )

There MUST exist a k-coloring in G = ( V, E ) where k = V, because we can simply color all of the vertexes differently and then we know that for any given edge e = ( u, v ), c( u ) ( c( v ), because each vertices color is distinct.

FOR i ( 1, i ( V, i ( i + 1

IF Decision( G, i ) THEN RETURN i

This takes time proportional to V * Decision.  Two polynomials multiplied yield another polynomial so the min-coloring problem is solvable in polynomial time if the decision problem is solvable in polynomial time.

