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Linear Algebra and Graph Spectra: Overview

Lecture Outline:

e Eigenvalues, eigenvectors, and eigendecomposition
e Matrices for graphs: adjacency, Laplacian, and normalized variants
e Properties of the Laplacian
These notes and those of the next few lectures on spectral graph theory are largely based on the

excellent lecture notes of Jon Kelner and Dan Spielman, who have taught related courses at MIT
and Yale, respectively.

1 Eigenvalues, eigenvectors, and eigendecomposition of a matrix

Definition 1. For an n x n matriz M, an n X 1 vector v is an eigenvector with eigenvalue \ if

Mv = \v.

The proof of the following theorem can be found in most linear algebra textbooks.

Theorem 1. Let M be a symmetric real n X n matrix. Then the following statements are true.

1. If v and w are eigenvectors with distinct eigenvalues, then v and w are orthogonal.

2. If v and w are eigenvectors with the same eigenvalue, then for any scalars a and b, av + bw
is an eigenvector with the same eigenvalue as v and w.

3. M has a full orthonormal basis of eigenvectors vy, va, ..., v,. All eigenvalues and eigenvec-
tors are real.

4. M 1is diagonalizable. That is,
M =VAVT,

where V' is the matrix with columns equal to the n orthonormal eigenvectors and A is the
diagonal matriz with the ith entry in the diagonal being X;, the eigenvalue of the vector v;.
Thus, we have M =", \jv;vl . (Note that VVT =1.)



2 Matrices for graphs

Fix a graph G = (V, E) with V' = {1,2,...,n}. We assume that the graph is undirected, un-
weighted, and has no loops. The adjacency matrix Ag had entries given by

1 if (i,j) € E

0 otherwise.

Atid) = {

We define the Laplacian L of G as the following matrix.

-1 if(i,j)€eFE
L(i,j) =< d(i) i=j
0 otherwise

Here d(7) is the degree of i. Note that L = D — A, where D is the diagonal matrix with the ith
diagonal entry being d(i). Every n x n matrix is a linear transformation on R". It can be seen that
L¢ is the following transformation:

(Lgv)(i) = (d(i)(v(i) — average of v on neighbors of 7).

Eigenvalues and eigenvectors of Lq. It is easy to see that the all-1s vector 1 is an eigenvector of
L with eigenvalue 0: Lgl = 0. We will see that all other eigenvalues are nonnegative. We will use
the convention that the n eigenvalues of L are ordered in nondecreasing order: A1 < Ay < ... < A\,
We will see that the first few eigenvalues tell us a lot about the graph.

3 Properties of the Laplacian

The Laplacian Lg of a graph G over n vertices can be viewed as a linear transformation over the
vector space R™: it maps each vector in R"™ to another vector in R". We can look at the graph
structure and see how a vector v gets mapped by Lg.

(Lav) (i) = div(i) — Y w(j).
(i,9)EF

Thus, the effect of Lg is replace v(i) by div(i) — >_; jyep v(j). We use this view of L to establish
the following basic lemma on its eigenvalues.

Lemma 1. For any undirected graph G, the smallest eigenvalue of Lg is 0.

Proof: It is easy to see that the all-1s vector 1 is an eigenvector with eigenvalue 0. We now show
that every eigenvalue X of Lg is nonnegative. Let v be an arbitrary eigenvector of Lg. We assume
that v(7) > 0 for some ; otherwise, we replace v by —v, which is also an eigenvector with the same
eigenvalue. Let i* be the vertex that maximizes v(i), i € V. Then, we have:

(i)=Y (vi—v;) >0,

Ji(i.5)eE

implying that A > 0. O



Fix a vertex set V' = {1,...,n}. Consider a graph consisting of the singleton edge e = (i, 7). Then,
the Laplacian L of this graph is given by L.(i,5) = Le(j,4) = —1, Le(i,4) = Le(4,7) = 1, and all
the other entries being zero. The following properties of the Laplacian are relatively straightforward
to derive.

1. Edge union: If G and H have the same vertex set V with disjoint edge sets, then the
Laplacian of the edge union G U H of the graphs is given by

Loun = Lg+ Ly.

2. Disjoint union: If G and H are graphs over disjoint vertex sets Vi and Vp, then the
Laplacian of the disjoint union of the graphs is given by

L 0
LGuHZLGEBLH:( ¢ )

0 Ly
If Lg has eigenvectors vy, ..., V, with respective eigenvalues A1,..., A\, and Ly has eigen-
vectors wy, . . ., w,, with respective eigenvalues 1, ..., tm, then Lguy has eigenvectors

v1 ®0,v9®0,...,0, D0, 0P wy,...0...wy,

with respective eigenvalues
)\17"'7)\7L7,UJ17"' y Mm -

3. Product: The product G x H of graphs G = (V, E) and H = (W, F') may be defined as the
graph with vertex set V' x W and the edge set

{((v1,w), (va,w)) : (v1,v2) € E,w € WHU{((v,w1), (v,w2)) : (w1,ws) € F,v € V}.

If Lg has eigenvectors v1,...,v, with respective eigenvalues A1,..., A\, and Ly has eigen-
vectors wy, . .., W, with respective eigenvalues p1, ..., tm, then Loy has, for 1 < i < n,
1 < j <'m, eigenvector z;; given by

Zij((vaw)) = xi(v)yj(w)

with eigenvalue A; + pu;



