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The linear control problem

AT
Given: Q=0Q >0
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X:(xl,...,azT)
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Calculate: U that minimizes J(X,U)




The linear control problem

AT
Given: Q=0 =0

T
System: l

Costnci |mportant problem! v Q¢ + u; Ruy

How do we solve it?  °T)
LT—1)

Initial state.  w |

Calculate: U that minimizes J(X,U)
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One solution: least squares
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One solution: least squares

T-1
J(X,U) = 24-Qrxr + Z r! Qxy + ul Ruy

t=1

J(X,U)=X"QX +U'RU



One solution: least squares
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System:  T¢41 = Az + Buy

T—1
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where:
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Calculate: U that minimizes J(X,U)



One solution: least squares

Given:

System: X =GU + Hxq

Cost function: J(X, U) — XTQX -+ U'RU

Initial state: L1

Calculate: U that minimizes J(X,U)




One solution: least squares

Substitute X into J.
J(X,U) = (GU + Hz)'Q(GU + Hx,) + U'RU
J(X,U)=UT(GTQG)U + UTRU + 2HT T QGU

Minimize by setting dJ/dU=0:

8J(X,U)
oU

= 2(GTQG)U + 2RU +2H" 21QG = 0

Solve foru: [J = —(GT@G -+ R)_lGTQHfEl



What can this do?

Start here

End here at time=T

Solve for optimal trajectory: [/ — —(GTQG + R)_lGT@Hiﬁl

Image: van den Berg, 2015



What can this do?

U=—(G'QG+R) 'GTQHx;

This is cool, but...
— only works for finite horizon problems
— doesn't account for noise
— requires you to invert a big matrix



Bellman solution

Cost-to-go function: V(x)

— the cost that we have yet to experience if we travel along the minimum

cost path.

— given the cost-to-go function, you can calculate the optimal path/policy

The number in each cell
describes the number of
steps “to-go” before
reaching the goal state
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Bellman solution

Bellman optimality principle:

‘/t(ilft) p— m{jn [ZE?QZCt -+ UTRU, —+ ‘/;5_|_1(377H_1)]

Lt - L1
r? Qr, +u' Ru
Cost of this time step \
V;s+1(3?t+1)

(Cost of future time steps)



Bellman solution

Bellman optimality principle:

‘/t(ilft) = m{jn [ZE?QZCt + UTRU, -+ ‘/;5_|_1(377H_1)]

Vi(z) = min [z’ Qz + v’ Ru + Vi1 (Az + Bu)]

u



Bellman solution

Bellman optimality principle:

Cost-to-go from state

Cost-to-go from (Ax+Bu) at time t+1
state x attime t /
L . T T
Vi(z) = min [z" Qz + v’ Ru + Viq1(Az + Bu))|
u N _J N\ /)
V V
Cost incurred on Cost incurred after

this time step this time step



Bellman solution
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quadratic function like this: —» 1/, (;1;) =1 P

where: P, — PtT > ()
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Bellman solution

For the sake of argument, suppose
that the cost-to-go is always a T
quadratic function like this: —» 1/, (;1;) =1 P

where: P, — PtT > ()

Then:
Vi(z) = min [z’ Qz + v’ Ru + Vi1 (Az + Bu)]
= 2" Qr + min [u" Ru + (Az + Bu)" Pi11(Az + Bu)]
< _
——

How do we minimize this term?
— take derivative and set it to zero.



Bellman solution
Vi(z) = min [z" Qz + u' Ru + Vi1 (Az + Bu)]

=z' Qr + min [u’ Ru+ (Az + Bu)’ P11 (Az + Bu))|

N— S
—~

How do we minimize this term?
— take derivative and set it to zero.

oV ()
ou
ur = —(R -+ BTPt+1B)_1BTPt+1ACE

"

optimal control as a function of state
— but: it depends on P_{t+1}...

— [uTR —+ UTBTPt_|_1B + ZCTATPt+1B] — O



Bellman solution
Vi(z) = min [z" Qz + u' Ru + Vi1 (Az + Bu)]

=z' Qr + min [u’ Ru+ (Az + Bu)’ P11 (Az + Bu))|

N— S
—~

How do we minimize this term?
— take derivative and set it to zero.

oV,
t(x) — [/U,TR + UTBTPt+1B -+ ZCTATPt+1B] = ()

ou
How solve for P_{t+1}7??

ur = —(R -+ BTPt+1B)_1BTPt+1ACE

"

optimal control as a fungtion of state
— but: it depends on P_{t+1}...




Bellman solution

Substitute u into V_t(x):

u* = —(R+ BTPtHB)_lBTPtHAx
N—

/T\

Ru+ Viy1(Ax + Bu

Vi(x) = mgn ' Qr +u



Bellman solution

Substitute u into V_t(x):
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Bellman solution

Substitute u into V_t(x):
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N—
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Bellman solution

Substitute u into V_t(x):

u* = —(R+ BTPtHB)_lBTPtHAx
N—

/T\

Ru+ Viy1(Ax + Bu

Vi(x) = m&n ' Qr +u

B
Vi) =2" [Q+ A" Py A— A"P1B(R+ B" Py B) ' B' Py Al
SN~ — _—
P,
B

=Q+ ATPt_HA — ATPt-|-1B(R + BTPt—I—lB)_lBTPH—lA



Bellman solution

Substitute u into V_t(x):

v = —(R+B'"P,1B)"'B' P, Ax
N— 7
-

N T,

Vi) = min [z Oz + 1 )
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-------------------------------------------------------------------------------------------------------------------------



Example: planar double integrator

Initial position
of the puck

Goal position

Initial velocity

m=1
b=0.1
u=applied force

\X

Air hockey table

Build the LOR controller for:

|

Time horizon: " = 100

O~ = O

Initial state: o = (

Cost fn: QT — 10007

Q=1
R=1



Example: planar double integrator

‘___> Step 1:
Calculate P backward from T: P_100, P 99, P 98, ... ,P_1

HOW?

X

Air hockey table
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Example: planar double integrator

Step 1.

P Calculate P backward from T: P_100, P 99,P 98, ... ,P_1
Pyoo = 10001

Proi=Q+A"PrA— A"PrB(R+ B'PrB)"'B'PrA

X

Air hockey table



Example: planar double integrator

Step 1.

Calculate P backward from T: P_100, P 99,P 98, ... ,P_1
o>
Pyoo = 10001
_ T T T -1 pT
Proi1=Q+A" PrA-A PTB<R-|- B PTB> B PrA
1001 0 1000 0
P 0 1001 0 1000
71 1000 0 1001 0
0 1000 0 1001
X

Air hockey table



Example: planar double integrator

Step 1.

Calculate P backward from T: P_100, P 99,P 98, ... ,P_1

°o >
Pygp = 10001
_ T T T -1 pT
Proi1=Q+A" PrA-A PTB<R-|- B PTB> B PrA
1001 0 1000 0O
Pyy — ( 0 1001 0 1000 )
1000 0O 1001 0
0 1000 O 1001
X

0 119.7293 0 59.9348
59.9348 0 43.1627 0

Airhockey table 119.7203 0 599348 0
Py
0 509348 0 43.1627



Example: planar double integrator

Step 2:

Calculate u starting at t=1 and going forward to t=T-1

u = —(R+B'P,B)"'B'P Az

o>

uy = —(R+ B P,B) 'B' P, Ax

X

Air hockey table



Example: planar double integrator
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Example: planar double integrator
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Example: planar double integrator

183422 0 108547 0 X
0 183422 0  10.8547 X
Pr=1 10847 0 178244 0 x 20.1126 0 125857 0
20.112 0 12,5857
0 108547 0  17.8244 “ pe=| U 201026
x 125857 0 195454 0
x 0 125857 0 19.5454

28.7565 0 18.8753 0

0 28.7565 0 18.8753
18.8753 0 24.1500 0

0 18.8753 0 24.1500

Py =

119.7293 0 59.9348 0

0 119.7293 0 59.9348
59.9348 0 43.1627 0

0 59.9348 0 43.1627

Pioo = 10001

N

Py =




Example: planar double integrator
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Example: planar double integrator

o
( )/ / —0.11

e

origin \
Q =101




The Iinfinite horizon case

So far: we have optimized cost over a fixed horizon, T.
— optimal if you only have T time steps to do the job

But, what if time doesn't end in T steps?

One idea:
— at each time step, assume that you always have T
more time steps to go
— this is called a receding horizon controller



The Iinfinite horizon case

Elements of P matrix

1200 T T T T T

600 -
400
200 |-

|
.
/ )

0 I I I I I I
1 20 30 40 50 60 70 80 90 100

Time step

Notice that elt's of P stop changing (much) more than
20 or 30 time steps prior to horizon.

— what does this imply about the infinite horizon case?



The Iinfinite horizon case

Elements of P matrix

1200 T T T T T

600 -

a0l Converging toward fixed P

T

|

200 I
N

/ )

I I I
0 10 20 30 40 50 60 70 80 90 100

Time step

Notice that elt's of P stop changing (much) more than
20 or 30 time steps prior to horizon.

— what does this imply about the infinite horizon case?



The Iinfinite horizon case

We can solve for the infinite horizon P exactly:
Pro1=Q+A"PrA— A"PrB(R+B'PrB)"'B'PrA

n

P=Q+A"PA-A"PB(R+ R'"PB)"'B'PA

\

Discrete Time Algebraic Riccati Equation



So, what are we optimizing for now?

Given:

System:  T¢41 = Az + Buy

Cost function: J(X,U) = Z :L’?Q:I}t + uépRut
t=1

X:(xl,...,a:oo)
U:(ul,...,uoo)

where:

Initial state: T1

Calculate: U that minimizes J(X,U)




Controllability

A system is controllable if it is possible to reach any goal state from any
other start state in a finite period of time.

When is a linear system controllable?

L1 — A:Ijt -+ But - It's property of_the
system dynamics...



Controllability

A system is controllable if it is possible to reach any goal state from any
other start state in a finite period of time.

When is a linear system controllable?

Remember this?

riy1 = Axe + Buy /

( 0 \

B 0
( 71 ) AB B 0o ... ( Uy ) A
. ) A2
2 .
o A2B AB B 0 ... o :

\ A”-'B AT2B ... ... B )




Controllability

B 0
AB B
A2B AB

\ AT-'B AT-2p ...

U1 A
2
: + | 4 |
ur—1 ;

\ Aty

What property must
this matrix have?



Controllability

AB B 0o ... (1 A4
A N B2
A?B AB B 0 ... )

)

------------------------------------------

------------------------------------------

This submatrix must be full rank.

— I.e. the rank must equal the
dimension of the state space
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