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RANDOM VARIABLES

(€2, A, P)
Age: 35 Likes sports: Yes
Height: 1.85m  Smokes: No

Weight: 75kg Marital status: Single
1Q: 104 Occupation: Musician

Age: 26 Likes sports: Yes
Height: 1.75m  Smokes: No

Weight: 79kg Marital status: Divorced
1Q: 103 Occupation: Athlete

A ={w € Q: Musician(w) = yes}
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EXAMPLE: RANDOM VARIABLES

Experiment: three consecutive (fair) coin tosses

X = the number of heads in the first toss %gx

Y = the number of heads in all three tosses
Find the probability spaces after the transformations.

What is the probability space (€2, A, P)?
Where does the randomness come from?

Q = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
A=P(Q)

P=27
PQ) =1

P({HHH, TTT}) = 2
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EXAMPLE: RANDOM VARIABLES

X:Q—{0,1}
Y0 {0,1,2,3)

w || HHH | HHT | HTH | HTT | THH | THT | TTH | TTT
Xw) [ 1 1 1 1 0 0 0 0
Yw) [ 3 2 2 1 2 1 1 0

What are the probability spaces (Qx,Ax, Px) and (Q2y, Ay, Py)?

Where does the randomness come from?
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RANDOM VARIABLE: FORMAL DEFINITION

(€2, A, P) = a probability space

Random variable:

1. X:Q—)QX
2. VA € B(Qx) it holds that {w: X (w) € A} € A

It follows that:

Px (A)=P({Hw: X (w) € A})



DISCRETE RANDOM VARIABLE

(©2, A, P) = a discrete probability space

Probability mass function (pmf):

px (z) = Px({z})
= P X () = o}
=P (X =ux)

The probability of an event A:
Px (A) =) px(z)
x€A

P({w: X (w) e A})

Vo e Qx

VA € B(Qx)



EXERCISE: QUANTIZATION

(©2, A, P) = probability space

Q=[-1,1], A= B(Q), P induced by uniform density

X : Q — {0,1} such that

Question: Find (2x, Ax, Px)



CONTINUOUS RANDOM VARIABLE

Cumulative distribution function (cdf):

Fx(t)=Px ({x:x <t})
= Px ((—00,1])
=P ({w: X(w) <t})

Probability density function (pdf), if it exists:

_ dFx (1)
o dt

px ()

t=x



CONTINUOUS RANDOM VARIABLE

If the probability density function (pdf) exists:

Fx (t) = /t px (z) dx

— 00

The probability of an event A = (a, b]:

b

Py ((a, b)) :/ px (2) da

a

:FX (b)—FX (a)

Pla < X <)



JOINT AND MARGINAL DISTRIBUTIONS

(©2, A, P) = a discrete probability space

Joint probability distribution:

pxy(z,y) = P{w: X(w) =z} N{w:

=P(X=uzY=y)

Extend to d-D vector X = (X1, Xs,..., Xy)

Marginal probability distribution:

Y(w)

Z ZZ mzdpx(xl,...

Ti—1 Ti41

=y})



EXERCISE: JOINT DISTRIBUTIONS

Example: X = the number of heads in the first toss
Y = the number of heads in all three tosses

jo
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JOINT AND MARGINAL DISTRIBUTIONS

(Q, A, P) = (RY, B(R)?, Px) = a continuous probability space

Joint probability distribution:

=P (X1 <t1,X5<ty..))
ad

px () = mFX (t1,...tq)

t—x (if it exists)

Marginal probability distribution:

T1 Ti—1 Y Ti+1 xTq



CONDITIONAL DISTRIBUTIONS

Conditional probability distribution:

pXY(iL’, 3/)

pY|X(y‘x) - pX(iE)

The probability of an event A, given that X = x, is:

ZyGA py|x(y|lr) Y :discrete
PY|X(Y c A‘X :gj) —

fyeA pY|X(y|£I?)dy Y : continuous



CHAIN RULE

Conditional probability distribution:

p('rla s ,Zd)
p(a:l, NP xd—l)

p(xdlry,. .. wa—1) =

This leads to:

p(x1,...,2q) = p(z1) Hp(a:l\a:l, .

73:[—1)



INDEPENDENCE OF RANDOM VARIABLES

X and Y are independent if:

pxy (z,y) = px(x) - py (y)

X and Y are conditionally independent given 7 if:

Pxvy|z (7,y]2) = pX|Z(33|Z) 'pY|Z(y|Z)

What if we had d random variables?



EXPECTATIONS

(QUx,B(Qx), Px) = a probability space

Consider a function f : Qx — C

D wcay J(@)px(x) X :discrete
E[f(X)] =
Ja. f(@)px(z)dz X : continuous



WELL-KNOWN EXPECTATIONS

f(x) Symbol Name
x E[X] Mean
(z — E[X])? VI[X] Variance
z* E[X*] k-th moment; k € N
(z — E[X])" E[(z — E[X])*] k-th central moment; k € N
el® Mx(t) Moment generating function
ette ex(t) Characteristic function
log z#(x) H(X) (Differential) entropy
log £ ;(g) D(px|lq) Kullback-Leibler divergence
(% log px (z6)) ? Z(0) Fisher information




CONDITIONAL EXPECTATIONS

Consider a function f : Qy — C

Zyegy f(y)pwx(y\x) Y : discrete
E[f(Y)]z] =
fQY fW)py|x(y|z)dy Y : continuous

E[Y|z] = > ypy|x (y|z)

<:I Regression function!
EYl|z] = [ypy|x(ylz)dy



EXERCISE: EXPECTATIONS

Example: X = the number of heads in the first toss
Y = the number of heads in all three tosses

0 1 2 3
X O Ys|Ya|lg| O
1| 0 | Y8 | 1a| 1/8

E[X] =

E[Y|X = 0] =
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EXPECTATIONS FOR TWO VARIABLES

Consider a function f: R? — C

erQX Zyggy f(fIJ, y)pxy(zﬂ, y) X.Y : discrete
E[f(X,Y)] =
fQX fQY z,y)pxy (x,y)dzdy X,Y : continuous



WELL-KNOWN EXPECTATIONS

f(z,y) Symbol Name
(x—E[X])(y—E[Y]) Cov[X,Y] Covariance
(2—EX )y _EY]) Corr[X,Y] Correlation
VVIXIVIY]
log 1% I(X;Y)  Mutual information
log m H(X,Y) Joint entropy
log m H(X|Y)  Conditional entropy




MIXTURES OF DISTRIBUTIONS

Mixture model:

m

A set of m probability distributions, {p;(z)},_;

p(z) = sz‘pi(x)

where w = (wy, wa, ..., w,,) are non-negative and

Z?il w; =1



MIXTURES OF GAUSSIANS

Mixture of m = 2 Gaussian distributions:

wi = 0.75, wg = 0.25

p(z) = Zwipi(x)

0.5 '
....... = 1, = 1
........ Z = -2,00 =0.75

04l mixture

0.3}

0.2+

0.1+

0 L f
4 3 2 1 0 1 2 3 4




GRAPHICAL REPRESENTATIONS

d
Bayesian Network: p(x) = Hp (xi|a:parents( Xz-))

i=1
X P(X=1) XY |P(Z=1X,Y)
0.3 0 0 0.3
0 1 0.1
1 0 0.7
Y X | Py=1x) 11 0.4
0 0.5
1 0.9
Factorization:

p(x, Y, Z) - p(x)p(y‘fli)p(z‘x, y)



GRAPHICAL REPRESENTATIONS

d

Bayesian Network: p(x) = Hp (xi|azparents( Xz-))

OomOom®

=1

P(X=1) Y | P(Z=1]Y)
0.3 0 0.2
1 0.7
X | Py=1x)
0 0.5
1 0.9
Factorization:

p(z,y,2) = p(x)p(y|lz)p(z|y)



GRAPHICAL REPRESENTATIONS

Markov Network: p (z;|z_;) = p (zi|zN(x,))

o) —o)

&) ;

Factorization:

p() = 7 [ volec)

cecC

X7



