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Lecture 3: Expressions

Key Concepts:

syntax and semantics
expressed and denoted values
expressions
environment
specifying the behavior of expressions
�����

expressions
implementation using PLT Scheme and its module system
procedures
formal parameter, bound variable
actual parameters, operand, argument
closures
���������	�

poor man’s letrec
multiple arguments, multiple declarations
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3.1 LET: a simple language

� ��� � � ����� (All these interpreters are in��� �	��
����������� � ����� � ����� �������������	��� ������� � ����� ��! � � �����"����� �	� �	������#	$�� )

3.1.1 Specification of Syntax

Syntax for the LET language

Program :: % Expression� � ���&� � � ��')( ��*	�,+

Expression :: % Number
�	� � � � � ��*�� (-� � ' +

Expression :: % � ( Expression . Expression
+

��!�/�/ � ��*�� ( ��*�� � �	*��&0&+

Expression :: %21 ���&��3 ( Expression
+

1 � �&��3 � ��*�� ( ��*	� � +

Expression :: % !�/
Expression

��� � � Expression
�������

Expression!�/ � ��*	� ( ��*�� � ��*��&0 ��*	��$�+

Expression :: % Identifier4 � � � �	*�� ( 4 � ��+

Expression :: % � � �
Identifier 5 Expression

! � Expression
� ��� � �	*�� ( 4 � � ���"� � ��*��76�����8"+

9 ( ��� ����: � � �����<; � (>=�= . � ( 0�0 . ��� +�+&;�+? ( � ����� � ��
 � � ���&� � � ��'
? ( � ����� � ��
@��!�/�/ � ��*��
? ( � ����� � ��
 �	� � � � � ��*�� =�= +
? ( � ����� � ��
-��!�/�/ � ��*��

? ( � ���	� � ��
 ��� � � � � ��*��A0�0&+
? ( � ���	� � ��
 ��� � � � � ��*�� ��� +�+�+�+
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3.1.2 Specification of Values

An important part of the specification of any programming language is the set of
values that the language manipulates. Each language has at least two such sets:
the expressed values and the denoted values. The expressed values are the possible
values of expressions, and the denoted values are the values bound to variables.

In Scheme, for example, there are many kinds of expressed values, such as num-
bers, pairs, characters, and strings. However every Scheme variable denotes a
location that is modifiable using

�������
, so there is only one kind of denoted value:

a location containing expressed values.

In our language, the expressed and denoted values will be the same:

ExpVal % Int � Bool
DenVal % Int � Bool

We model this using
����/�! � � � � � � � ��8�� �

( �	��/�! � � � � � � � ��8�� � ��*�� 4 � � �	*�� 4 � ��3
(-� � ' � 4 � �
( 4 � ��� � � � ' 6 � �&3�+�+

( 6������ � 4 � �
( 6"��� � � � � 6���� � � ��� 3�+�+�+

We typically use extractors with
��*	� 4 � � :

( �	��/�! � � ��*	� 4 � � � 9 � � '
( � ��' 6�� � ( 4 +
( � � ����� ��*�� 4 � � 4
(-� � ' � 4 � � (-� � ' + � � ' +
( ����� � ( ��*�� 4 � � � ��*���� � � ����� � � � ��� ��� � � ' 4 +�+�+�+�+

( �	��/�! � � ��*	� 4 � � � 9 6���� �
( � ��' 6�� � ( 4 +
( � � ����� ��*�� 4 � � 4
( 6������ � 4 � � ( 6���� ��+ 6�������+
( ����� � ( ��*�� 4 � � � ��*���� � � ����� � � � ��� ���-6���� � 4 +�+�+�+�+
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( �	��/�! � � ��*	� 4 � � � ��*���� � � ��� � � � � �&� �
( � ��' 6�� � ( 4 � �"! ��� � 4 � ��� �&+
( ����� ��
 ��� �&� � � ��*�� 4 � � � ��*���� � � ������� ;��������"! ��� /�� � ��� � . /&��� � � � ��;4 � ��! ��� � 4 � ��� �&+�+�+
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3.1.3 Environments

If we’re going to evaluate expressions containing variables, we’ll need to know
the value associated with each variable. We’ll do this by keeping those values in
an environment.

An environment is a function whose domain is a finite set of variables and whose
range is the denoted values.

��� ranges over environments.
� [] denotes the empty environment.
� [x % v] � denotes ( ��* �	� � � � � � 4 x v � + .
� [x1 % v1 � x2 % v2] � abbreviates [x1 % v1]([x2 % v2] � ), etc.
� [x1 % v1 � x2 % v2 ������� ] denotes the environment in which the

value of x1 is v1, etc.

We’ll use indentation to to improve readability, eg:

� * 5 $	�� 8 5�
 �� � 5 = � �

to abbreviate

( ��*�� � � � � � � 4 � *7$
( �	*��	� � � � � � 4 � 8 
( ��*�� � � � � � � 4 �@� = � +�+�+
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3.1.4 Specifying the Behavior of Expressions

6 kinds of expressions in our language: one for each production with Expression
as its left-hand side.

Interface for expressions will contain seven procedures: six constructors and one
observer.

We use
��*�� 4 � � to denote the set of expressed values.

Interface for Expressions

constructors:

const-exp :
! � � � 9 ��*����	������!�� �

zero?-exp :
��*����	������!�� � � 9 ��*	����������!�� �

if-exp :
��*	����������!�� ��� �	*�����������!�� ��� ��*����	������!�� � � 9 ��*	����������!�� �

diff-exp :
��*	����������!�� ��� �	*�����������!�� � � 9 ��*��	��������!	� �

var-exp :
��8 ' 6"� � � 9 ��*	����������!�� �

let-exp :
��8 ' 6�� � � ��*	����������!�� ��� ��*������&����!�� � � 9 ��*��	��������!	� �

observer:

value-of :
��*��	��������!	� ��� � � 4 ! �&� ��' � � � � 9 ��*�� 4 � �
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Now need to specify behavior of the functions in this interface.

Specification will consist of assertions of the form

( ��� �����	�	
�� e  ) % v

meaning that the value of expression e in environment � should be v.

We write down rules of inference and equations, like those in chapter 1, that will
enable us to derive such assertions.

� ��� �����	��
�� ��� 
�������������� n �� �"! n

� ��� �����	��
�� � ����# �����$� x �% ��! � � �	����&��	��� �' x �
� ��� �����	��
�� �)(�* �	���	����� e1 e2 �" �%! � �

� ��� �����	��
�� e1  �� ��� �����	��
�� e2  �	�
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3.1.5 An Example

Let � % � * 5 � # .
4
5 = . ! 5 � � .

We write ��� e 9�9 to denote the AST for expression e.

Then

( 4 � ��� � � ��/ � ��*����	������!�� � ��� � ( � ( * . $�+ . � (
4
. !�+�+ 9�9 � +

5 ( �
( 4 � ��� � � ��/ � ��*����	������!�� � ��� � ( * . $�+ 9�9 � +
( 4 � ��� � � ��/ � ��*����	������!�� � ��� � (

4
. !�+ 9�9 � +�+

5 ( �
( �
( 4 � ��� � � ��/ � ��*	����������!�� � ���

* 9�9 � +
( 4 � ��� � � ��/ � ��*	����������!�� � ���

$ 9�9 � +�+
( 4 � ��� � � ��/ � ��*����	������!�� � ��� � (

4
. !�+ 9�9 � +�+

5 ( �
( �
� #
( 4 � ��� � � ��/ � ��*	����������!�� � ���

$ 9�9 � +�+
( 4 � ��� � � ��/ � ��*����	������!�� � ��� � (

4
. !�+ 9�9 � +�+

5 ( �
( �
� #
$�+

( 4 � ��� � � ��/ � ��*����	������!�� � ��� � (
4
. !�+ 9�9 � +�+

5 ( �

 ( 4 � ��� � � ��/ � ��*����	������!�� � ��� � (

4
. !�+ 9�9 � +�+
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5 ( �

 ( �
( 4 � ��� � � ��/ � ��*	����������!�� � ���

4 9�9 � +
( 4 � ��� � � ��/ � ��*	����������!�� � ���

! 9�9 � +�+�+

5 ( �

 ( �
=
( 4 � ��� � � ��/ � ��*	����������!�� � ���

! 9�9 � +�+�+

5 ( �

 ( �
=
� +�+

5 ( �



� +

5 $
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3.1.6 Specifying the Behavior of Programs

In our language, a whole program is just an expression. In order to find the value
of such an expression, we need to specify the values of the free variables in the
program. So the value of a program is just the value of that expression in a suitable
initial environment. We choose our initial environment to be

� ! 5 � .
4
5 = . * 5 � # � .

� ��� �����	��
�� ��� # 
�� #���� e �"! � ��� ��� �	��
�� e � * !���� ��!
	�� � !�������
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3.1.7 Specifying Conditionals

The next portion of the language introduces an interface for booleans in our lan-
guage. The language has one constructor of booleans, 1 � �&��3 , and one observer of
booleans, the

!�/
expression.

The value of a 1 � �&��3 expression is a true value if and only if the value of its
operand is zero.

( ��� �����	�	
�� e1  ) � v� ��� ��� �	��
�� ��� � # 
��	�����$� e1 �% �
!

�
( � 
�
��	� ��� � # � ) if ( ���$� ��� �$�����	� � v) � 0
( � 
�
��	� ��� � # � ) if ( ���$� ��� �$�����	� � v) 	� 0

We use
6���� � � 4 � � as a constructor to turn a boolean into an expressed value, and

��*�� 4 � � � 9 � � ' as an extractor to check to see whether an expressed value is an
integer, and if so, to return the integer.

An
!�/

expression is an observer of boolean values.

( ��� �����	�	
�� e1  ) � v� ��� �����	��
�� � * � �	����� e1 e2 e3 �% �
!

� � ��� ��� �	��
�� e2  � if (
����� ��� �$��� � 
�
�� v) � #

�
� ��� ��� �	��
�� e3  � if (

����� ��� �$��� � 
�
�� v) � #
�
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Rules of inference like this make the intended behavior of any individual expres-
sion easy to specify, but they are not very good for displaying a deduction.

So we recast our rules as equations.

Can then use substitution of equals for equals to display a calculation.

� ��� �����	��
�� � * � �	����� e1 e2 e3 �% �
! � * � � ���$� ��� �$��� � 
	
�� � ��� �����	��
�� e1  �	�� ��� ��� �	��
�� e2  �� ��� ��� �	��
�� e3  ���
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An Example Let � % � * 5�����. 8 5 0�0 � .

( 4 � ��� � � ��/
���
!�/ 1 � �&��3 ( � ( * . ��� +�+ ��� � � � ( 8 . 0�+ �	����� � ( 8 . � + 9�9

� +

5 ( !�/ ( �	*�� 4 � � � 9 6������ ( 4 � ��� � � ��/ ����1 � �&��3 ( � ( * . ��� +�+ 9�9 � +�+
( 4 � ��� � � ��/ ��� � ( 8 . 0&+ 9�9 � +
( 4 � ��� � � ��/ ��� � ( 8 . � + 9�9 � +�+

5 ( !�/ ( �	*�� 4 � � � 9 6������ ( 6������ � 4 � � ?�/�+
( 4 � ��� � � ��/ ��� � ( 8 . 0&+ 9�9 � +
( 4 � ��� � � ��/ ��� � ( 8 . � + 9�9 � +�+

5 ( !�/ ( �	*�� 4 � � � 9 6������ ( 5 # ( 4 � ��� � � � / ��� � ( * . ��� + 9�9 � +�+�+
( 4 � ��� � � ��/ ��� � ( 8 . 0&+ 9�9 � +
( 4 � ��� � � ��/ ��� � ( 8 . � + 9�9 � +�+

5 ( !�/ ?�/
( 4 � ��� � � ��/ ��� � ( 8 . 0&+ 9�9 � +
( 4 � ��� � � ��/ ��� � ( 8 . � + 9�9 � +�+

5 ( 4 � ��� � � ��/ ��� � ( 8 . � + 9�9 � +

5 ���
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3.1.8 Adding
�	���

Examples

� ���7* 5 =
! � � ( * . $�+

� ���7* 5 =
! � � ���78 5 $

! � � ( * . 8�+

� ��� 1 5 =
! � � ���7* 5 $

! � � � � 8 5 � ( * . � + � � � ��� * 5 $
! � � ���7* 5 �

! � � ( 1 . � ( * . 8�+�+�� � � ��� * 5 �

The
� ���

variable is bound in the body.

Specification As a rule of inference:

( ��� ��� �	��
�� e1  ) � v1

( ��� ��� ���	
�� � �$�����	�����
var e1 e2 �" ) � � ��� ��� ���	
�� e2 [var � v1]  �

Or as an equation:

� ��� �����	��
�� � �	���������$� x e1 e2 �% �
! � ��� ��� ���	
�� e2 � x ! � ��� �����	�	
�� e1  � �� �
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An example:

Let � % � 175 
 � . Then

( 4 � ��� � � ��/ � ��*����	������!�� � ���
����� * 5 =
! � ����� 8 5 � ( 1 . $�+! � � ( � ( * . 8"+ . 1 + 9�9 � +

5 ( 4 � ��� � � ��/ � ��*	����������!�� � ���
� ��� 8 5 � ( 1 . $�+! � � ( � ( * . 8�+ . 1 + 9�9 � * 5 = � � +

(Let � 1 = [x=5] � )

5 ( 4 � ��� � � ��/ � ��*	����������!�� �
��� � ( � ( * . 8"+ . 1 + 9�9� 8 5 ( 4 � ��� � � � / � ��*��	��������!	� � ��� � ( 1 . $�+ 9�9 �

1
+ � �

1
+

5 ( 4 � ��� � � ��/ � ��*	����������!�� �
��� � ( � ( * . 8"+ . 1 + 9�9� 8 5 ( � ( 4 � ��� � � ��/ � ��*����	������!�� � ���	1 9�9 �

1
+

$�+ � �
1
+

5 ( 4 � ��� � � ��/ � ��*	����������!�� �
��� � ( � ( * . 8"+ . 1 + 9�9� 8 5 ( � 
 $�+ � �

1
+

5 ( 4 � ��� � � ��/ � ��*	����������!�� �
��� � ( � ( * . 8"+ . 1 + 9�9� 8 5 ( � 
 $�+ � �

1
+

5 ( 4 � ��� � � ��/ � ��*	����������!�� �
��� � ( � ( * . 8"+ . 1 + 9�9� 8 5 � � �

1
+

(Let � 2 = [y = 4] � 1 = [y=4,x=5,z=7])

5 ( 4 � ��� � � ��/ � ��*	����������!�� � ��� � ( � ( * . 8�+ . 1 + 9�9 �
2
+
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5 ( � ( � ( 4 � ��� � � ��/ � ��*����	������!�� � ���
* 9�9 �

2
+

( 4 � ��� � � ��/ � ��*������&����!�� � ���
8 9�9 �

2
+�+

( 4 � ��� � � ��/ � ��*����	������!�� � ����1 9�9 �
2
+�+

5 ( � ( � =
� +


 +

5 ( � � 
 +

5 � �

OK, this is tedious. Computers are clearly better at this than we are. So let’s
implement the specification.
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3.1.9 Implementing the Language

We implement the language as a set of PLT Scheme modules.

(@' ���	� � � � ����� � ���,!	�7!	� � ����� �>��� '
( ��! 6 ; ����� � �>����;7; ����� ��;�+ � ! � !	� ����! ���	� � ! � �	� � ����� � � ����� � ��� � � �

4
���

( �	��� �,! �	� ; � ��� ��� � ' � � ! � ! ��� � � ' ;�+ � ! � ! ' ��� �����7�	� ' � � �	��/�/7/&� � ��� � �����

( �	�&� 4 !��	� (>� � � � ����/�! � ����+�+ � ! � ��*	��� ����� ����� ' � � � � �	��/�/ ��� ��!	� ���

������������������������������� � � ��'�'�� �"!�� � � � � �	��!�/�!�� � �,!�� ���������������������������������

( �	��/�! � � �	� � � � ��*"!�� � � � � � �	�
� (�( ���,! �	����� � ��� ( �	�,! �	�&� � � ����+7� �"! �,+
( ��� '�' � � � ( ; � ; (>� ��6 � � (-� � �7?�� � ��� ��! � ��+�+�+ � �,! �,+
( !���� � �"!�/�! � �
( � ��� � � � (>� ��6 � � ( � � ����� �	� �7��! � ! �<;	�,; ; � ; ;�3�;�+�+�+
��8 ' 6�����+
(-� � ' 6 � � ( ��! � ! � (>� �	6 � � ��! � ! �"+�+ � � ' 6 � ��+
(-� � ' 6 � � ( ; � ; ��! � ! � (>� �	6 � � ��! � ! �"+�+ � � ' 6 � ��+
+�+

( �	��/�! � � �	� � � � � ��'�'�� �
� (�( �	�&� � � ��' ( ��*����	������!�� � + � � ����� � � ��' +
( �	*�����������!�� � ( !���� � �,!�/�! � �"+ 4 � � � �	*��,+
( �	*�����������!�� � ( � � ' 6 ����+ �	� � � � � ��*��,+
( �	*�����������!�� � ( ; � ; ; ( ; ��*������&����!�� � ; . ; �	*�����������!�� � ;�+�;�+ �"!�/�/ � �	*��,+
( �	*�����������!�� � ( ; 1 � �&��3�;7; ( ; ��*������&����!�� � ; +&;�+ 1 � �&��3 � ��*��,+( �	*�����������!�� �
( ;�!�/ ; �	*�����������!�� � ; �	� � � ; ��*����	������!�� � ; ������� ; �	*�����������!�� � +

!�/ � ��*	�,+
( �	*�����������!�� �
( ; � ��� ; !���� � �"!�/�! � �<; 5 ; ��*	����������!�� � ;�! � ; ��*	����������!�� � +
� ��� � �	*��,+
+�+
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������������������������������� ��� � � � � 6"��! � � �	� � � �	� �������������������������������

( � � � � � � 
 '�� �	� � ����/�! � � � � � � � ��8	� ��� �	� � � � ��*�!�� � � � � � �	� �	� � � � � ��'�'�� ��+

( �	��/�! � � � �"��� � �	� � � � � � � ��8�� �&�
( � ��' 6�� � ( + ( ��� � � � � 
 ��!�� � � ���	/�! � � � � � � � ��8	� ��� �	� � � � ��*"!�� � � � � � �	� ��� � � � � ��'�'�� �"+�+�+

( �	��/�! � � � � ����: � � �����
( ��� � � � � 
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This generates the following datatypes:

( ����/"! � � � � � � � ��8	� � ���&� � � ��' ���&� � � ��' 3
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The next module is for data structures: for expressed values, also environments.
Later on, these will be mutually recursive, so they will need to go in the same
module.
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����� ��� ��*������&������� 4 � ��� � !	� ��! �	� � � �2� � ' 6 ��� ��� � 6���� � � ���
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( � ��' 6�� � ( 4 � �"! ��� � 4 � ��� �&+
( ����� ��
 ��� �&� � � ��*�� 4 � � � ��*���� � � ������� ;��������"! ��� /�� � ��� � . /&��� � � � ��;4 � ��! ��� � 4 � ��� �&+�+�+
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��� ��* ��' � � � ��/ � � � � � ��8�� � 6��,! � � �"! �	�"����� ����/�! � � � � � � � ��8�� �
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+
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We put the code for the environment interface in a separate module.

(@' ���	� � � � � 4 ! �&� �	' � � ��� ( ��! 6 ; ����� ��� ����;7; ����� ��;�+
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��� ! � ! � � � � 4 
 ( + � 9 � � 4 ! �&� �	' � � �
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+
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Now we get to the interpreter proper:
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3.1.10 Testing

A good test plan is important! One of the tenets of agile programming is test-
driven programming:

� Build in support for unit tests from the beginning. We’ve done that for you,
in
� ��� ��� � ' � � ! � ! ��� � � ' .

� Design the tests before you design the program.

We start with a test suite:
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�X*$0�+�������	"+�������+�"(����&+�I 7�*�0=�"��(&��\H�G+>�F9"9WA�9"9�,", �����#Y;Q�"	�����0&�"�67<;
,
�X*$0�+�������	"+�������+�0��"	����"+"I 7�*$0=�&��(���\W�L+J��9"96A39�I�,",2�����# 0"�"�=�"	����4?W7�?�,

�"�2��*3�&�
	��4	���
�3��*3�&�
	��"+"	����+�9=73	���QR��Y;Y*F#YRH7 ;
,

�"�-�������]�F��(&�!�����P���� � �$#��4(��[�:%&�� ������	$�
������
�G������	"+"	����+$P���� � 7F	���QR�� ;Y*�# +J�@RBAX9�,�7<I�,
�G������	"+"	����+�(��[� 73	���QR��]+J�@?ZA39�,�*�# +>�/RBAX9�,�7�I�,

�"���F�������4#�����&���Q	���Y�$#�� �F�����&��	�*F#�%
�3��*3�&�
	��"+$#�����&���&+"	���E7F	���QR��Q;]*�# 	��� � �Q?]*�#E+>�/RBA � ,�72+
9�,
�X�F��������+��F�����&��	�*F#�%�+&*�#�+$P���� � 73	���QR��Y;Y*F# 	���QR
�=? *F#YRH7�?�,
�X�F��������+��F�����&��	�*F#�%�+&*�#�+�(��[�47F	���=R��Q;]*�# 	���QR��Y+>�/RBA39�,�*�#YRW7 I�,

,",
,
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Now let’s put it all together

(@' ���	� � � ����� ( ��! 6 ; ����� ���>����; ; ����� �";�+

��� ����� � �
4
��� ' ����� ��� � �&� � ��� � � � �	��� �,! �	��� �,! �	���&� � � � �	� � � �	� � �	��� �

��� � �,! �	� �

( �	��� �,! �	� ; � ��� ��� � ' � � ! � ! ��� � � ' ;�+
( �	��� �,! �	� ; � � � � � � ����� � �	�����&� �>� � ' ;�+ � /&��� ��*	� 4 � � �	� � � ����� � ��� ���
( �	��� �,! �	� ; � ����� �>� � ' ; + � /&��� � � ����: � � �����
( �	��� �,! �	� ;�! � �	�������>� � ' ;�+ � /&��� 4 � ��� � � � / � ���&� � � ��'
( �	��� �,! �	� ; �	��� �"� �>� � ' ;�+ � /&��� �	�&� � � ��!�� �

��� �"���	� � � ��8 � � ����� ���
4
��� . �	�7! �7�&� ��� � � � ���&� 4 !���� ��� 8��	� ! ��� �

������������������������������� ! � �	� ��/ � ��� ��� �	��� � � � � � ����� �������������������������������

��� ��� � 
 � ����! ��� � 9 ��*�� 4 � �

( �	��/�! � � ��� �
( � ��' 6�� � ( � ���"! ��� +
( 4 � ��� � � ��/ � ����� � � ��' ( � � � ��: � � ����� � ����! ��� +�+�+�+

��� ��� � � � � � 
 ( + � 9 � � ��� �	��!�/"! ���

��� ��� � � � ��� ��� � � ��� ���7! � �	��� � � ��!	� � . ��� ' � � �"! ��� �	� � ������� � ���2�"! ���
��� ��� � � � � ��� ���	� �&3

( �	��/�! � � ��� � � � � �
( � ��' 6�� � ( +
( �	� � � �	�&� ��� � �	� � ��� � � � � ��� ���	���&3 �	��� � � ��!	� �,+�+�+
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( �	��/�! � � ����� � � � � � ���	� ��3
( � ��' 6�� � (>��� � �	� �����	� � � ��� ��+
( ��� � � ��3 � � � ( ����������8 � 9 ��*	� 4 � � ��� � ���	� � � ��� ��+�+�+�+

( �	��/�! � � ����������8 � 9 ��*�� 4 � �
( � ��' 6�� � ( ����������8 � 4 � ��+
( ��� � �
(�(-� � ' 6 � �&3 � ��������8 � 4 � ��+ ( � � ' � 4 � � ����������8 � 4 � ��+�+
(�( 6���� � � ��� 3 ����������8 � 4 � ��+ ( 6���� � � 4 � � ����������8 � 4 � ��+�+
( ����� �
( ����� ��
 � ���&� � � ����������8 � 9 ��*�� 4 � �

;�� � � � � �	� � 4 � ��� ����������8 4 � ��� � ��� ��*�� 4 � ��
 � ��;
����������8 � 4 � ��+�+�+�+�+

( �	� � � � ����+

+
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We run the tests by executing
������� � � ' in the module language, which puts us

inside the module and evaluates ( ��� � � � � ��+ .
� �&	������
������"(����F�������ZA ����(���*���#]I�U"U � ?&T�T �
� �$#�%��
��%&��� � �
������	�� � � � , �
��(����F�������&+&*�#�*$ � ���X�!��	��I�T"U � 9 � KY9�T�0"��P
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�&�$����"	!�$��������
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&������ ������+�����(�+�I
+J�@RBAX9�,
����("(&����Q���&
�������	�DU
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M�X���(��[���� #"����+����"	'U
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� � �
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*$0=�&��(&��\W�GT
,<����$#Y;Q�&	����!?
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In
�������>� � ' we used

�	� � � �	�&� ��� � . This procedure comes from
� ��� ��� � ' � � ! � ! ��� � � '

and has the following specification:

��� �"� �	� � 
 ( ��� � � �	��� �"� � ��� � � / � ��� � � � � ��� ��� � �&3 �	�&� ����+

��� ��� � � �	��� �"� � 
 ( � � � � 9 ����� �	� ' �&+ �<(>� � 8 � ��� 8 � 9 6���� ��+ �<( ��!	� � � ��/ �	��� �"+
��� � 9 � � � � �	��!�/�!����

��� �	� ����� 

��� �	��� � 
�
 5 ( �&��' � � � � ����� ��� ' �&+
��� ����� �	� ' � 
�
 5 ����������� ��� 8

��� /&� � � � ���A! �	� ' ! � � ��� ��� . � ��� ��8 ��� � � / � ��� �	� � � � � � � � �	� � ���7��� � !�/
��� �	� � ����� �	� ' � !	� ��! � ��� . �	� ' � � ��! ��� 4 � ��� ��� �"��! ��� ��� � � � � ��� ���	���&3��

��� ����! � � � ��� � ��/ �	� � �	��� �"� �

��� � � �	� � � � � . ����! � � �&! �	� ��� ; � � 6�� � �2/&��� � � ; ��� �	� � ��!�� � � / �	�&� ���
��� / � !�� ��� �

��� �&� � '�� � ��8 . ��� � � � ��� ��� � �,! � � ���	�	� 4 � �7/ �&� ' ��� 8 � � ��� � � � � ��� � �"! � � � ���
��� �	� � � � � ��/ �	� � �	��� � � �,! �	� � �	� !	� 6 ��� � 4 !	� � � ��� 6 � � � �	� ���	� 6�8
��� �������"! ��� ( � ����� � � / �	� � � /"! ��� � � � � �&� � ?��,+ �
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3.2 PROC: A Language with Procedures

Now it’s time to move on to a language with procedures.

We will follow the design of Scheme, and let procedures be expressed values in
our language, so that

ExpVal % Int � Bool � Proc
DenVal % Int � Bool � Proc

where Proc is a set of values representing procedures. We will think of Proc as
an abstract data type. We consider its interface and specification below.

We will also need syntax for procedure creation and calling. This is given by the
productions

Expression :: % ���&��� ( Identifier
+

Expression���&��� � ��*�� ( 4 � � 6�����8�+

Expression :: % ( Expression Expression
+

� � � � � ��*�� ( ��*�� � �	*��&0&+

Some vocabulary words:

In ( ���&��� � ��*�� var e + , the identifier var is the bound variable or formal param-
eter and e is the body. In a procedure call ( � � ��� � ��*�� e1 e2

+
, the expression

e1 is the operator and e2 is the operand or actual parameter. We use the word
argument to refer to the value of an actual parameter.
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3.2.1 The datatype Proc

Interface: the constructor
���&��� ���������

, which tells how to build a procedure value,
and the observer � ��� ��8 � �	�&�������	����� , which tells how to apply a procedure value.

Our next task is to determine what information must be included in a value repre-
senting a procedure. To do this, we consider what happens when we write a

���&���
expression in an arbitrary position in our program.

� ���7* 5 0�#�#
! � � ���7/ 5 ���&��� ( 1 + � ( 1 . *�+ ��� ����� � � � ������� ��� 6 � � ��6�0�#�#

! � � � � * 5 � #�#
! � � ��� � 5 ���&��� ( 1 + � ( 1 . *�+ ��� � ��' � ��*�� . 6���� ���&� � � � � ����� ���

��� 6 � ����6 � #�#
! � � (�( / � + . ( �A� +�+

Two procedures, created from identical expressions, must behave differently.

Conclusion: value of a
���&���

expression must depend in some way on the environ-
ment in which the expression is evaluated.

Therefore the constructor
���&�����������	�

must take three arguments: the bound vari-
able, the body, and the environment, and the specification for a

�	�&���
expression

should be

� ��� �����	��
�� � � # 
 � �	����� var e �% �
! � � # 
 � � ��� � � � # 
 � � ( � # � var e  �	�

where
�	�&��� � 4 � � is the constructor, like

6"��� � � 4 � � or � � ' �
4 � � , that builds an

expressed value from a Proc .
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At a procedure call, we want to find the value of the operator and the operand. If
the value of the operator is a

���&��� � 4 � � , then we want to apply it to the value of
the operand.

� ��� �����	��
�� ��� � �	�	�	����� e1 e2 �" �
! � �	��� ��� � � � ��� ��� �	��
�� e1  ���� ��� � ��� ��� �	��
�� e2  ���	�� �$��� �	� � # 
 � � ����� ��� �$����� # 
 � � �����	�� � �	����&���� # 
 � � ( � # � � # 
 � �����	�	�
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What happens when � ��� ��8 � �	�&�������	����� is invoked?

Lexical scope rule tells us that when a procedure is applied, its body is evaluated in
an environment that binds the formal parameter of the procedure to the argument
of the call.

Furthermore any other variables must have the same values they had at procedure-
creation time.

Therefore these procedures should satisfy the condition

� � ������&���� # 
 � � ( � # � � � # 
 � � ( � # � var e  � v �
! � ��� ��� �	��
�� e � var ! v �� �
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3.2.2 Calculating with this Specification

Let’s do a couple of short examples to show how these things fit together.

Note that this is really a calculation using the specification, not the implementa-
tion. Let � 0 =

� * 5 � # �

( 4 � ��� � � ��/ ���
� ��� / 5 ���&��� ( 1 + � ( 1 . *�+ ! � ( /70 � + 9�9 �

0
+

5 ( 4 � ��� � � ��/ ��� ( / 0 � + 9�9
� / 5 ( 4 � ��� � � � / ���

���&��� ( 1 + � ( 1 . *�+ 9�9 �
0
+ � �

0
+

5 ( 4 � ��� � � ��/ ��� ( / 0 � + 9�9
� / 5 ( �������������	��� 1 ��� � ( 1 . *�+ 9�9 �

0
+ � �

0
+

5 (>� ��� ��8 � ���&�����	�������
( 4 � ��� � � ��/ ���

/ 9�9 � / 5 ( ���&�����	������� 1 ��� � ( 1 . *�+ 9�9 �
0
+ � �

0
+

( 4 � ��� � � ��/ ���
0 � 9�9 � / 5 ( ���&�����	������� 1 ��� � ( 1 . *�+ 9�9 �

0
+ � �

0
+�+

5 (>� ��� ��8 � ���&�����	�������
( ���&�����������	� 1 ��� � ( 1 . *�+ 9�9 �

0
+

0 � +

5 ( 4 � ��� � � ��/ ��� � ( 1 . *�+ 9�9 � 1�5 0 � � � 0
+

5 ( � ( 4 � ��� � � � / ����1 9�9 � 1�5 0 � � � 0
+

( 4 � ��� � � � / ���
* 9�9 � 1�5 0 � � � 0

+�+

5 ( � 0 � � #&+

5 ���

Exercise: try the same thing for

� ���7/ 5 ���&��� ( *�+ ���&��� ( 8�+ � ( * . 8�+! � � ��� � 5 ( / =�= +
! � ( � $�$�+
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Now let’s try the same example, except let’s name the procedure
*
:

( 4 � ��� � � ��/ ���
� ��� * 5 ���&��� ( 1 + � ( 1 . *�+ ! � ( *70 � + 9�9 �

0
+

5 ( 4 � ��� � � ��/ ��� ( * 0 � + 9�9
� * 5 ( 4 � ��� � � � / ���

���&��� ( 1 + � ( 1 . *�+ 9�9 �
0
+ � �

0
+

5 ( 4 � ��� � � ��/ ��� ( * 0 � + 9�9
� * 5 ( �������������	��� 1 ��� � ( 1 . *�+ 9�9 �

0
+ � �

0
+

5 (>� ��� ��8 � ���&�����	�������
( 4 � ��� � � ��/ ���

* 9�9 � * 5 ( ���&�����	������� 1 ��� � ( 1 . *�+ 9�9 �
0
+ � �

0
+

( 4 � ��� � � ��/ ���
0 � 9�9 � * 5 ( ���&�����	������� 1 ��� � ( 1 . *�+ 9�9 �

0
+ � �

0
+�+

5 (>� ��� ��8 � ���&�����	�������
( ���&�����������	� 1 ��� � ( 1 . *�+ 9�9 �

0
+

0 � +

5 ( 4 � ��� � � ��/ ��� � ( 1 . *�+ 9�9 � 1�5 0 � � � 0
+

5 ( � ( 4 � ��� � � � / ����1 9 � 1�5 0 � � � 0
+

( 4 � ��� � � ��/ ���
* 9�9 � 1�5 0 � � � 0

+�+

5 ( � 0 � � #&+ � * !	� � �"! ��� 6"��� � � ��� � # �

5 ���
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3.2.3 Representing Procedures

Must define � ��� � 8 � ���&�����������	� and
�������������	���

so that

� � ������&���� # 
 � � ( � # � � � # 
 � � ( � # � var e  � v �
! � ��� ��� �	��
�� e

� ���	����� ( �	��� � var v  ���
Usual representation is as a data structure:

proc?

��	� � � ' � 4 � ��� � � 9 6������ � ���

procedure

 4 6 � � � ��*��	��������!	� � � � � 4 � 9 ���&���

��� �	�,!�� ' �,� � 6 � ! � � � � � � � ���	� � �	���	��� �>� � ' . ��! � ��� ���&�����������	��� . ��*�� 4 � ��� .
��� ��� � � � 4 ! �&� �	' � � ��� � ��� ' ���	� � ����8 ���	� ������! 4 � �
( �	��/�! � � � � � � � ��8�� �7���&��� ���&����3
( ���&�����������	�
( 4 � � ��8 ' 6"� ��3�+
( 6"����8 ��*����	������!�� � 3�+
( � � 4 � � 4 ! �&� �	' � � ��3�+�+�+

apply-procedure

 ������� � ��*�� 4 � � � 9 �	*�� 4 � �

��� �	�,!�� ' �,� � 6 � ! � ! � � � �����>��� ' . ��! � ��� � ��� ��8 � ���&��� ��������� ��� �
���

4 � ��� � � ��/ � ��� ' ���	� � ����8 ���	� ������! 4 � �
( �	��/�! � � � ��� ��8 � �	�&�������	�����
( � ��' 6�� � ( ���&��� � 4 � ��+
( � � ����� ���&��� �	�&��� �
( ���&�����������	� ( 4 � � 6�����8 � � 4 ��� � � � 4 +
( 4 � ��� � � ��/ 6�����8 ( ��* �	� � � � � � 4 4 � � 4 � � � � 4 ��� � � � 4 +�+�+�+�+�+

These data structures are often called closures, because they are self-contained:
they contain everything the procedure needs in order to be applied. We sometimes
say the procedure is closed over or closed in its creation environment.

This representation is in
���&��� � � ����� � ��� � ����� .
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Alternatively, we can represent a procedure by its action under � ��� ��8 � ���&��� ��������� :

proc?

��	� � � ' � � 4 � ��� � � 9 6������ � ���

( �	��/�! � � �������	3
( � ��' 6�� � ( 4 +
( �	�&�������	������3 4 +�+�+

procedure

 4 6 � � � ��*��	��������!	� � � � � 4 � 9 ���&���

��� �	�,!�� ' �,� � 6 � ! � ! � � � �����>��� ' . ��! � ��� ���&�����	������� ��� � 4 � ��� � � � /
��� � ��� ' ����� � � ��8 �	�	� ������! 4 � �
( �	��/�! � � �������������	���
( � ��' 6�� � ( * �7� � 4 ��� � � � 4 +
( � ��' 6�� � ( 4 +
( 4 � ��� � � ��/ � ( ��*�� � � � � � � 4 * 4 � � 4 �	� � � � 4 +�+�+�+�+

apply-procedure

 �������������	��� � ��*	� 4 � � � 9 ��*�� 4 � �

��� ! � ! � �	�������>� � '
( �	��/�! � � � ��� ��8 � �	�&�������	�����
( � ��' 6�� � ( ���&��� 4 +
( �	�&��� 4 +�+�+

The function
�	�&���	3 . as defined here, is somewhat inaccurate, since not every

Scheme procedure is a possible procedure in our language. We need it only for
defining the datatype

��*�� 4 � ���
This is is at

���&��� � � ����� �����&��� � ����� .
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In either case we need to add an alternative to the datatype
��*	� 4 � �

( �	��/�! � � � � � � � ��8�� � ��*�� 4 � � �	*�� 4 � ��3
(-� � ' � 4 � �
( 4 � ��� � � � ' 6 � �&3�+�+

( 6������ � 4 � �
( 6"��� � � � � 6���� � � ��� 3�+�+

( ���&��� � 4 � �
( �	�&��� ���&����3�+�+�+

and we need to add two new clauses to
4 � ��� � � ��/

( ���&��� � ��*�� ( 4 � � 6�����8�+
( �	�&��� � 4 � � ( ���&�����������	� 4 � � 6�����8 � � 4 +�+�+

( � � ��� � ��*�� ( ��*�� � ��*��&0�+
( ����� (�( 4 � ( 4 � ��� � � ��/ �	*�� � � � 4 +�+

( 4 0 ( 4 � ��� � � ��/ �	*��&0 � � 4 +�+�+
( � ��� (�( �	�&��� ( ��*�� 4 � � � 9 ���&��� 4 � +�+�+
( � ��� ��8 � ���&��� ��������� ���&��� 4 0&+�+�+�+

And we’re done!
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And of course we have to add some tests:

����� ! � �	��� �����>� � ' 


��� ��! ' � � � � ��� ��!�� � �"!	� � �
(>� ��� ��8 � ���&��� � ! � � � � ��� � � �"���<; ( ���&��� ( *�+ � ( * . � + $�#�+&; 0��&+
(>� ��� ��8 � ��! ' � ��� � ���&��� ; � � �7/ 5 �	�&��� ( *�+ � ( * . � + ! � ( /7$�#&+�; 0���+
( ����� � ��� � ���&��� � � ; ( �	�&��� ( /"+ ( / $�#�+ �	�&��� ( *"+ � ( * . � +�+&;20��&+

(-� ��� �	��� � ���&�����A; (�( �	�&��� ( *�+ ���&��� ( 8"+ � ( * . 8�+ = + � +&; � � +
(-� ��� �	��� � ���&����� 0<; � � �7/ 5 �	�&��� ( *"+ �	�&��� ( 8�+ � ( * . 8"+ ! � (�( / � ( � # . = +�+ � +&;� � +

( 8 � �	� ' 6 ! �&� ����� � � ;
� ���7/�!�* 5 ���&��� ( /�+

� ���7� 5 ���&��� ( *�+ ������� ( 1 + (�( / ( * *�+�+ 1 +! � ���&��� (-� + (�( / ( � ��+�+ � +
! � � ���

� � ' 5 ������� ( /�+ ���&��� ( *�+7!�/ 1 � �&��3 ( *�+ �	� � � # �	����� � (�( / � ( * . � +�+ . � � +
! � � ��� �"! ' ��� � 5 ( /�!�* � � ' +

! � ( �,! ' ��� � $�+&;
� 0&+
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3.3 LETREC: A language with recursive procedures

We now define a new language LETREC, which adds recursion to our language.
Since our language has only 1-argument procedures, we make our life simpler by
having our letrec’s declare only a single 1-argument procedure, for example

� �����	�	� �&����6 ��� ( *�+ 5 !�/ 1 � �&��3 ( *�+
�	� � � #
������� � (�( �&����6 ��� � ( * . � +�+ . � 0&+

! � ( �&����6 � � � +

The left-hand side of a recursive declaration is the name of the recursive procedure
and its bound variable. Procedure body is to the right of the 5 .

Expression :: % � �����	�	�
Identifier ( Identifier

+ 5 Expression
! � Expression

���������	� � ��*�� ( ������� � �&��' � 6���� � � � 4 � � �	�&��� � 6"����8 � �����	�	� � 6�� ��8�+

The value of a
� ������� �

expression is the value of the body in an environment that
has the desired behavior:

� ��� �����	��
�� � �	��� # � � �	���$� pname var e1 e2 �% �
! � ��� ��� ���	
�� e2

� ��������� ( ����� � � # � � � # � * � ����& pname var e1  �	�
To implement this, just need to add one line to

4 � ��� � � ��/ .
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We add a new procedure
��*��	� � � � � � 4 � ���	� �	����! 4 �	��8 to the environment inter-

face.

We specify the behavior of this environment as follows: Let � 1 be the environ-
ment produced by ( �	*��	� � � � � � 4 � ���	� ������! 4 ��� 8 pname var1 e1

� + . Then what
should ( � ��� ��8 � � � 4 �

1 var2
+

return?

1. If the variable var2 is the same as pname, then (>� ��� ��8 � � � 4 �
1 var2 should

produce a closure whose bound variable is var1, whose body is e1, and with
an environment in which p is bound to this procedure. But we already have
such an environment, namely �

1 itself! So

(>� ��� ��8 � � � 4 �
1 pname

+ % ( ���&��� ��������� var1 e1
�

1
+

2. If var2 is not the same as pname, then

(>� ��� ��8 � � � 4 �
1 var2

+ % (>� ��� ��8 � � � 4 � var2
+

Let’s do an example.

( 4 � ��� � � ��/ ���
� ������� � �&����6 ��� ( *�+ 5 !�/ 1 � �&��3 ( *�+

�	� � � #
������� � (�( ������6 � � � ( * . � +�+ . � 0&+

! � ( �&����6 � � � + 9�9 �
0
+

5 ( 4 � ��� � � ��/ ��� ( ������6 � � � + 9�9( ��*�� � � � � � � 4 � ��� � ������! 4 ����8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+
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5 (>� ��� ��8 � ���&�����	�������
( 4 � ��� � � ��/ ���

�&����6 � � 9�9 ( ��* �	� � � � � � 4 � �	�	� ������! 4 ����8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

( 4 � ��� � � ��/ ����� 9�9 ( ��*�� � � � � � � 4 � ��� � ������! 4 ����8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+�+

5 (>� ��� ��8 � ���&�����	�������
( ���&�����������	� *

���
!�/ 1 � �&��3 ( *�+ ����� 9�9

( �	*��	� � � � � � 4 � ���	� ������! 4 ��� 8 ������6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

� +

5 ( 4 � ��� � � ��/ ���
!�/ 1 � ����3 ( *�+ ����� 9�9 � * 5�� � ( ��*�� � � � � � �

4 � ��� � ������! 4 ����8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

�����

5 ( �
( 4 � ��� � � ��/ ��� ( �&����6 � � � ( * . � +�+ 9�9 � * 5�� � ( ��*��	� � � � � �

4 � ���	� �	����! 4 � ��8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

� 0&+

5 ( �
(>� ��� ��8 � �������������	���
( 4 � ��� � � ��/ ���

�&����6 � � 9�9 � * 5�� � ( ��*��	� � � � � �
4 � ���	��������! 4 ����8 �&����6 � � *

���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

( 4 � ��� � � ��/ ��� � ( * . � + 9�9 � * 5�� � ( ��*��	� � � � � �
4 � ���	��������! 4 ����8 �&����6 � � *

���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+�+

� 0&+

5 ( �
(>� ��� ��8 � �������������	���
( �	�&�������	����� *

���
!�/ 1 � �&��3 ( *�+ ����� 9�9 ��� � ��� ! � /&��� � � �	� � ��! � ��� ���&��� ��������� �

( ��*�� � � � � � � 4 � ��� � ������! 4 ����8 �&����6 � � *
���
!�/ 1 � �&��3 ( *�+ ����� 9�9 �

0
+�+

= +
� 0&+

5 �����
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We can implement
��*��	� � � � � � 4 � ���	��������! 4 ����8 in any way that satisfies these re-

quirements.

In an abstract-syntax representation, add a new variant, and then make � ��� ��8 � � �
4

do the right thing.

��� ! � � � � � � � ����� � �	�����&� �>� � '
( �	��/�! � � � � � � � ��8�� � � � 4 ! ��� �	' � � � � � 4 ! ��� �	' � � ��3
( � ' ����8 � � � 4 +
( ��*�� � � � � � � 4
( 4 � � ��8 ' 6�����3�+
( 4 � � ��*�� 4 � ��3�+
( � � 4 ��� � � � 4 � � 4 ! �&� �	' � � ��3�+�+

( ��*�� � � � � � � 4 � ��� � ������! 4 ����8
( �	�&��� � ����' � ��8 ' 6�� ��3�+
( 6"��� � � � 4 � � ��8 ' 6�� ��3�+
( �	�&��� � 6"����8 ��*��	��������!	� � 3�+
( � � 4 ��� � � � 4 � � 4 ! �&� �	' � � ��3�+�+�+

��� ! � � � 4 ! �&� �	' � � ��� �>��� '
( �	��/�! � � � ��� ��8 � � � 4
( � ��' 6�� � ( � � 4 ��� � � � � � ��8 ' +
( � � ����� � � 4 ! �&� �	' � � � � � 4
( � ' ����8 � � � 4 ( +
( ����� ��
 ��� �&� � � � ��� ��8 � � � 4
;��&� 6,! � �"! ��� /&� � � ��;2��� � � � � � ��8 ' +�+

( ��*�� � � � � � � 4 ( 4 � � 4 � � � � 4 ��� � � � 4 +
( !�/ ( ��� 4 37��� � � � � � ��8 ' 4 � ��+4 � �
(>� ��� ��8 � � � 4 � � 4 ��� � � � 4 ��� � � � � � ��8 ' +�+�+

( ��*�� � � � � � � 4 � ��� � ������! 4 ����8 ( ���&��� � �&��' � 6���� � � � 4 � � ������� � 6�� ��8 � � 4 �	� � � � 4 +
( !�/ ( ��� 4 37��� � � � � � ��8 ' ���&��� � �&��' �&+

( ������� � 4 � � ( ���&��� ��������� 6"��� � � � 4 � � ���&��� � 6�����8 � � 4 +�+
(>� ��� ��8 � � � 4 � � 4 �	� � � � 4 � � � � � � � ��8 ' +�+�+�+�+�+

The
� � 4 on the next-to-last line corresponds to �

1 in the discussion above.
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3.4 Simulating
�	��� # � �

We don’t really need a
� � �����	�

primitive: in our language, we can do this already:
consider the following bit of code:

� ���7/�!�* 5 ���&��� ( /�+
� ���7� 5 ���&��� ( *�+ ������� ( 1 + ( / ( * *�+ 1 +! � ���&��� (-� + ( / ( � �"+ � +

� � ' 5 ������� ( /�+ ���&��� ( *�+ !�/ * �	� � ��� ( � . ( / � ( * . � +�+�+ �	����� #
! � � ��� �"! ' ��� � 5 ( /�!�* � � ' +

! � ( �,! ' ��� � $�+

Then we have

( �"! ' ��� � $�+
5 (�( /�!�* � � ' +2$�+
5 (�( � � ')( � ��+�+2$�+ � � 5 �	�&��� ( *�+ ���&��� ( 1 + (�( � � ' ( * *�+�+ 1 + .
5 ��( � . (�( � ��+20�+�+ � ��� (�( � *�+ 1 + 5 (�( � � ' ( * *"+�+ 1 +
5 ��( � . ( � � ' ( � ��+20�+�+ � � ��� � �	�2� � � (�( � � ' ( � ��+�+2$�+ 6 ��/&� ��� ��� �	� � � � 4 � ���	����� �������
5 ��( � . ��( � . (�( � ��+ � +�+�+
��� � �
5 ��( � . ��( � . ��( � . (�( � � ')( � �"+�+2#�+�+�+�+
5 ��( � . ��( � . ��( � . #&+�+�+
5 � 0

See Chapter 9 of the Little Schemer for more discussion.

[Puzzle: What is the justification for using equational reasoning here?]
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3.5 Multiple Arguments and Declarations

LETREC illustrated most of the important features of programming languages
that we will study. But it’s still somewhat primitive. To get a somewhat more
realistic language, we need to add more primitives (possibly of several arguments),
procedures of several arguments, and declarations of multiple variables.

We’d like to write things like

� ��� 1 5 =
* 5 $

! � � ���7* 5 �

8 5 ��( * . 1 + � � � ��� * 5 $
! � � ( 1 . ��( * . 8"+�+ � � � ��� * 5 �

and

� �����	�	�

�
4
� � ( *�+ 5 !�/ 1 � �&��3 ( *�+ �	� � �<� ������� ( ����� � ( * . � +�+����� ( *�+ 5 !�/ 1 � �&��3 ( *�+ �	� � � # ������� ( � 4 � � � ( * . � +�+������� ( * . 8�+ 5 !�/ 1 � ����3 ( *�+ ��� � � # ������� � ( * . ( ���&��� � ( * . � +28�+�+

! � ( ����� � $�+

This requires almost no new ideas, but a little more engineering. We’ll just go
over the differences. (Sorry, this isn’t in the repository as of right now.)

����� � � � ��� �>� � ' 


( �	��/�! � � �	� � � � � ��'�'�� �
� (�( �	�&� � � ��' ( ��*����	������!�� � + � � ����� � � ��' +

�����

��� � ��� ��!�� � �,!�� � ��/ � �	��! ' ! �,! 4 �
( �	*�����������!�� �
( ����! ' ! �"! 4 � ; ( ; ( ����� � � � �	��� � ��!	� � ��*������&����!�� � ; . ;�+ ;�+&;�+
����! ' � � � � � ��*��,+
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��� � � ����� '���� 8 ���	��� � � � �"!	� � � ! � � �����

( �	*�����������!�� �
( ; � � � ; (>� ��6 � � !���� � �"!�/�! � � ; 5 ; ��*	����������!�� � + ;�! � ; �	*�����������!�� � +
� ��� � ��*��,+

��� � � ����� '���� 8 6���� � � 4 � ��! � 6 � ��� ! � � �������������	���
( �	*�����������!�� �
( ; ��������;7; ( ; ( ����� � � � �	�	� � ��!	� � !���� � �"!�/�! ��� ; . ;�+ ;�+&; ��*��	��������!	� � +
���&��� � ��*��,+

��� � � ����� '���� 8 ��� � � ��� ��� ! � � �	�&�������	����� � � � �
( �	*�����������!�� �
( ; ( ; ��*��	��������!	� �)(>� ��6 � � ��*������&����!�� � + ;�+&;�+
� � � � � ��*��,+

��� � � ����� '���� 8 ���	��� � � � �"!	� � � ��/ � � � ��8 �	�&�������	������� ! � � ���������	�

( �	*�����������!�� �
( ; � � �����	��;
(>� ��6 � � !���� � �"!�/�!�� � ; ( ; ( ����� � � � �	�	� � ��!	� �<!���� � �"!�/�!�� �<; . ;�+ ;�+&;
; 5 ; ��*����	������!�� � +

;�! � ; ��*������&����!�� � +
� �����	�	� � ��*	�,+

��� ����! ' ! �"! 4 ���
( �	��! ' ! �,! 4 � ( ; � ;�+ � ��� � �	��! ' +
( �	��! ' ! �,! 4 � ( ; � ;�+ � ��6���� � � � � �	��! ' +
( �	��! ' ! �,! 4 � ( ; � ;�+ ' � � � � ����! ' +
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3.5.1 Specification

This will be much like the specification of 1-argument procedures, only with more
arguments:

� ��� �����	��
�� � � # 
 � �	����� �
var1 ����� varn � e �% �

! � � # 
 � � ��� � � � # 
 � � ( � # � �
var1 ����� varn � e  �	�

� ��� �����	��
�� ��� � �	�	�	����� rator rands �% �
! � �	��� ��� #�� ��
 # � ��� � � ��� ��� ���	
�� rator  �	�� #�� � ( � ��� ��� � ��� ��� � ���	
�� rands  �	�	�� �$��� �	� � # 
 � � ����� ��� �$����� # 
 � #�� ��
 # � ��� � �	���� � �	����&���� # 
 � � ( � # � � # 
 � # � � ( � ��� ��� ���	�

� ��� ����� �$�	
�� �
e1 ����� en �% �

! � � * ��� � ��� �����	��
�� e1  � �����

� ��� ��� �	��
�� en  �	�
� � �	����&���� # 
 � � ( � # � � � # 
 � � ( � # � �

var1 ����� varn � e  ��
v1 ����� vn �	�

! � ��� ��� �	��
�� e � var1 ! v1 � ����� varn ! vn �	 �
Also need to modify

��* �	� � � � � � 4 so that it takes a list of variables and a list of
values and zips them into an environment, as indicated in the last equation above.
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