CS3000: Algorithms & Data
Jonathan Ullman

Lecture 8:
 Dynamic Programming: Knapsacks, ¥k

Oct 2, 2018
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Tug-of-War, Subset-Sum, Knapsack



Tug-of-War

* We have n students with weights wy, ..., w,, E N,
need to split as evenly as possible into two teams

» e.g. {21,42,33,52} f21,42% v $33,52%

6% gs

$21,52% . (2T
73 v 75




The Knapsack Problem

* Input: n items for your knapsack
* value v; and a weight w; € N forn items
 capacity of yourknapsack T € N

* Output: the most valuable subset of items that fits

in the knapsack et Bt Vs
* SUbsetS C {1, ,Tl} +$5§‘J;-_:‘\_>“1

* Value Vg = ;s V; as large as possible
* Weight Wg = };cow; at most T

* SubsetSum: v; = w; )
-\
* TUS 0¥ \\ar S -H,ﬁ 3(;mm\ e e (= 2 ?:l W:



Is Dynamic Programming Necessary?

* Want to maximize bang-for-buck, right?
* ltems with large % seem like good choices

l

* Poes not a\ua»y 31&. ‘\‘\rg o?—\'u‘ma\ set S

nw="23% T‘—? V,:é W, = 6
Vo= 4 w, =4

V=Y ug = 4

heorcstre = S=5%1% Vg= 6

optyal 0=1%72,%3 No = 3



Dynamic Programming

e Let O € {1, ...,n} be the optimal subset of items
*Casel: A€ O
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* Let OPT(j, S) be the value of the optimal subset of
items {1, ...,j} in a knapsack of size S ¢ I\

*Casel:{ € O;s
* O,j %: O. \[o- = \JO

A TR 3,8 31,8

b

* Case Z:J' € 0js

o= vt Vg
) OJ,S" %)3"' O'-\_) S-uw; = \}00/5 \3 0-1y8-vj
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Dynamic Programming

* Let OPT(j, S) be the value of the optimal subset of
items {1, ..., j} in a knapsack of size S

*Case1l: i € Oj¢

* Use opt. solutionforitems 1 to j-1 and size S
*Case2:i € Ojg

* Use i + opt. solution foritems 1 toj-1 and size S — w;



Dynamic Programming

* Let OPT(j, S) be the value of the optimal subset of
items {1, ..., j} in a knapsack of size S

*Case1l: i € Oj¢

* Use opt. solutionforitems 1 to j-1 and size S
*Case2:i € Ojg

* Use i + opt. solution foritems 1 toj-1 and size S — w;

Recurrence:

OPT(},5) = max{OPT (j — L,8),vj+ OPT( — 1,5 ~ WY b, e S
OPT(j —1,5) TN

Base Cases:

OPT(j,0) = OPT(0,S) = 0
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Knapsack (“Bottom-Up”)

// All inputs are global vars
FindOPT (n,T) :
M[0,S] «< 0, M[j,0]« 0

- for (Ss=1,..,T):
for (J =1,..,n):
n s daélf (Wj > 8): M[],S] (_M[J_lrS] -
U else: M[]j] « max{M[]j-1,S],v; + M[]J-1,S-w;]}

return M[n,T]

Yine = O(wT)

Space = O(V\T\



Dynamic Programming

* Let O 5 be the optimal subset of items {1,...,j}in
a knapsack of size S

*Case1l: i € Oj¢

* Use opt. solutionforitems 1 toj-1andsize S

*Case2:i € Ojg
* Use i + opt. solution foritems 1 toj-1 and size S — w;

- f orT (1,9 = oPT (71,3705 4y, = Hrae 0 o op1 5ol
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Filling the Knapsack

// All inputs are global vars
// M[0:n,0:T] contains solutions to subproblems
FindSol (M,n,T) :
if (n=0o0r T
else:
if (w, > T): return FindSol (M,n-1,T)
else:
if (M[n-1,T] > v, + M[n-1,T-w,]):
return FindSol (M,n-1,T)
else:
return {n} + FindSol (M,n-1,T-w,)

0): return 0



\napsack
%f% Wrapup

* Can solve knapsack problems in time/space O(nT)
* Brute force algorithms runs in time 0 (2")

* Dynamic Programming:
* Decide whether the nt" item goes in the knapsack
e Can solve subset-sum and tug-of-war



