CS3000: Algorithms & Data
Jonathan Ullman

Lecture 7/:
 Dynamic Programming: Segmented Least Squares

Sep 28, 2018



Dynamic Programming Recap
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Dynamic Programming Recap
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Segmented Least Squares



Background: Least Squares
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* Input: n data points P = {(x1, V1), ..., (X, V) }

* OQutput: theline L (i.e. y = ax + b) that fits best
* best = minimizes error(L, P) = ¥,(y; — ax; — b)?
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Segmented Least Squares

* Input: n data points P = {(x1,¥1), -, (X, V) }
 What if the data does not look like a line?
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Segmented Least Squares

* Input: n data points P = {(x1,y1), -, (X, ¥,,) },
cost parameterC > 0

e Assume x1 < xp, < --- < Xp, (\rFmLJ\AW codd sort &o\uu\ﬂ

e Output: a partition of P into contiguous segments
S51,59, e, Sy, lines Ly, Lo, ..., L,,,, minimizing “cost”
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Segmented Least Squares

* First observation: for every segment §;, L; must be
the (single) line of best fit for §;
* Let L; ; be the optimal line for {p;, ..., p;}

* letg; ;= error(sz,{Pi» ---:Pj})
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Let Eij = error(L"{,j,{pi, »Pj})

S LS [ Let L’{’j be the optimal line for {p;, ..., p;} ]

* Let O be the optimal solution
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SLS

Let L’lf’j be the optimal line for {p;, ..., p;}
Lete; ; = error(L’lf'j,{pi, ,pj})

* Let OPT(j) be the value of the optimal solution for
points {pl, ...,pj}
* Case i: final segment is {pi, ...,pj}
* optimal solutionis E;,j U optimal sol. for {p;, ..., p;_1}
* canuseanyi € {1,..,j}



SLS

Let L’lf’j be the optimal line for {p;, ..., p;}
Lete; ; = error(L’lf’j,{pi, ,pj})

* Let OPT(j) be the value of the optimal solution for
points {pl, ...,pj}
* Case i: final segment is {pi, ...,pj}
* optimal solutionis E;,j U optimal sol. for {p;, ..., p;_1}
* canuseanyi € {1,..,j}

Recurrence: OPT(j) = min¢; ; + C + OPT(i — 1)

1<i<j

Base cases: OPT(0) =0
OPT(1) = OPT(2) = C



SLS: Take |

// All inputs are global vars
FindOPT (n) :
if (n = 0): return O
elseif (n = 1,2): return C
else:
return min &, + C + FindOPT(i — 1)

1<i<n
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SLS: Take Il (“Top-Down”)

// All inputs are global vars
M < empty array, M[0] « 0, M[1] «C, M[2] «C
FindOPT (n) :
if (M[n] is not empty): return M[n]
else:
M[n] < min &, + C + FindOPT(i — 1)

1<isn
return M[n]
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SLS: Take Il (“Bottom-Up”)
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SLS: Take Il (“Bottom-Up”)

// All inputs are global vars
FindOPT (n) :
M[0] « 0, M[1l] «<C, M[2] «<C
for (j = 3,..,n):

{\",i)(d\s ’: M[j] « mg?jsi,j +C+ MJ[i—1] 1 O(n) pe Tteaton
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" return M[n]

?unnma TM\@_ 5 @(VL’LB + twe 4o conpte 22";3%

?\)\Q Ug T\/]U\m\oz D(ﬁo‘: ?mrg l'U s.4. MC,] c)bru,tolr oA MC:IB



. . Let L; ; be the optimal line for {p;, ..., p;}
Finding Segments Let &, ; = error(L , {po 1)

Oj = Op'\’ma\ 3631’\—@1’5 'Fol %?»--- 'P\st
* Let OPT(j) be the value of the optimal solution for
points {pl, ...,pj}

* Case i: final segment is {pi, ...,pj}
* optimal solutionis L; ; U optimal sol. for {p, ..., p; 1}

* canuse anyi € {1, ...,/}
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Finding Segments

// All inputs are global vars
// M[0:n] contains solutions to subproblems
FindSol (M,n) :
if (n = 0): return ¢
elseif (n = 1): return {1}
else: R
Let i« 1cisn €in+ C+M[i —1]:
return {i,..,n} + FindSol(M,1i-1)
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Segmented Least Squares v.2



Segmented Least Squares v.2

* Input: n data points P = {(x{, V1), ..., (X, V,) },
parameter 1 < k <n

* Hard upper bound on the number of segments

* Qutput: a partition of P into < k contiguous
segments 54,55, ..., S, minimizing “cost”
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SLSv.2

Let L’{’j be the optimal line for {p;, ...,
Lete; ; = error(L’lf,j,{pi, ,pj})

* Let O be the optimal solution
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Let L; ; be the optimal line for {p;;, ...

S LSV 2 wbpﬂ\”\mg [ Lete; ; = error(L’lf'j,{pi, ,pj})

,Pj} ]

* Let OPT(j, #) be the optimal solution for points
{1, ...,j} using < £ segments

* Case i: final segment is {Pi; ---'pj}

e optimal solutionis E;,j U optimal solution for points
{p1, ..., pi—1} using < £ — 1 segments
* canuseanyi € {1,..,j}

Recurrence: OPT(j,¢) = min &;; + OPT(i—1,£—1)
1<i<j "~

Base cases: OPT(0,¥) =0 v£=>0
OPT(j,0) = 0 Vj>1



SLSv.2: Take Il (“Top-Down”)

WA, Ormka,
// All inp?é;/:;e global vars
M < empty larray, M[0,f] <0, M[j,0] «
FindOPT (n,k) :
if (M[n,k] is not empty): return M[n, k]
else:
M[n,k] < min &, + FindOPT(i—-1,k—1)

1<isn
return M[n, k]



SLSV.2: Take Il (“Bottom-Up”) (v
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SLSv.2: Take Il (“Bottom-Up”)

// All inputs are global vars
FindOPT (n,k) :
M[O,f] <0, M[j,0] « 0
for (L =1,..,k):
v for (j =1,..,n):
N oM[5, 4] e{l}g?jei,j+FindOPT(i—1,£—1)_J o(n)

return M[n, k]
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SLSv.2: Finding Segments

// All inputs are global vars
// M[0:n,0:k] contains solutions to subproblems
FindSol (M,n,k) :
if (n = 0): return ¢
elseif (n = 1): return {1}
else:
let i< argmaxq<, &, +Mli—1,k—1]:
return {i,..,n} + FindSol(M,i-1,k-1)



SLS Wrapup

* Version 1: can solve SLS with a “segment cost” in
time 0(n?) space 0(n?)
* New idea: multiway case analysis for the final segment
* Version 2: can solve SLS with a “hard cap” of k
segments in time 0(n%k) space O0(n* + nk)
* New idea: introducingadditional variables to expand the
set of subproblems

e Correctness follows from the recurrence

 Computational costs:
* Runningtime = total number of terms in all recurrences
* Space = total number of subproblems



