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Mergesort Wrapup



Divide and Conquer Algorithms

Divide et impera!
-Philip Il of Macedon

* Splityour probleminto smaller subproblems
* Recursively solve each subproblem

* Combine the solutionsto the subprobelms
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Mergesort
L(S‘f' A o“: n num\DeA

Split 11 3 42 28 17 3 2 15

N N
Scte v

Size D—Z
11 3 42 28 17 8 2 15
@ Recursively @ Recursively
Sort Sort
3 11 28 42 2 8 15 17

N 4

Merge 2 3 8 11 15 17 28 42

Con m@y m e O(n)



Running Time of Mergesort

T(“w = r\mn.\r\j “'Nr\Q o¥ MergeSort (A) :
YY\Q/‘Caﬁ)ol’(’ o an Lot 0{; />/ If (n = 1): Return A
se N | op Let m <« [n/2]
L « A[l:m]
7 R « A[m+l:n]

O(Yﬂ ogs

2xT({\//2

%Let L < MergeSort (L)
Let R < MergeSort (R)
gLet A < Merge(L,R)

Ol) %! Return A

T(V‘W = ¥ T(%_»-t Cn Recurrence Relatron



Recursion Tree T(n) =2-T(n/2)+Cn
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Recursion Tree T(n) =2-T(n/2)+Cn

T(1) =C
Level Input Size at this Level Work at this Level
0 n Cn
1 n/2 n/?2 2-(%)=Cn
/\ /\ Cn
2 n/4 n/4 n/4 n/4 4 - (T) =Cn
, ; (Cn
i 2 -(?)=Cn
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T(n)=2-T(n/2)+ Cn

Proof by Induction (1 = ¢

* Claim:T(n) = Cnlog, 2n

T(VJ = - T(%\ + Ca
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Mergesort Summary

* Sort a list of n numbersin O(nlogn) time
e Can actually sort anything that allows comparisons
» Any comparison based algorithmis Q(nlogn) time

* Divide-and-conquer approach
* Break the listinto two halves, sort each one and merge
* Key Fact: merging is easier than sorting
"\/_—\_V\

* Proof of correctness
* Proof by induction

* Analysis of running time

i Solvea recurrence
T(W) = 25 T(%) + Cn



Integer Multiplication:
Karatsuba’s Algorithm



Addition

* Given n-digit numbers x, y output x + y
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Multiplication

* Given n-digit numbers x,y output x - y

1 2 3 4

x 1 1 (2 @

2 4 6 8

+ 2 4 6 8 0
¥ 1 2 3 4 0 O
+ 1 2 3 4 0 0 O
1 3 8 4 5 4 8
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Divide and Conquer Multiplication

1 2 3 4| x=10%-12 + 34

x 1 1 2 2 y =10%-11 + 22
a b x=10"2a+ b
X ¢ d y=10"2¢c +d
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Divide and Conquer Multiplication

1 2 3 4| x=10%-12 + 34

x 1 1 2 2 y =10%-11 + 22
a b x=10"2a+ b
X c d y =10"2¢c +d

xeY = (10%12 +24)) (10> 1) + 22
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Divide and Conquer Multiplication

a b x=10"2a+b
X c d y=10"%c +d

x-y = (10"2a + b)(10™?c + d)
= 10"ac + 10™"/2(ad + bc) + bd

* Four n/2-digit mults, three n-digit adds
* Multiplyingby 10™ is “free” because it’s a shift

» Recurrence: T(n) = 4T (g) + 3n



Divide and Conquer Multiplication

T(n) =4-T(n/2)+ 3n
* Claim: T (n) = n? T(1) =1

T(n) = Yx T(2) + 2n
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, .
Karatsuba’s Algorithm Doot need eacdh on s oun

a b x=10"%2a+b
X c d y=10"%c +d

x-y = 10"ac + 1on/2 bd

* Key ldentity
*(b—a)(c—d) =ad+ bc—ac— bd

* Only three n/2-digit mults (plus some adds)!
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Karatsuba’s Algorithm

Karatsuba (x,y,n) :
If (n = 1): Return x-y

Let m « [n/2]
Write x =10"a+ b, y=10"c+d

Let e <« Karatsuba(a,c,m)
f <« Karatsuba(b,d,m)

g < Karatsuba (b-a,c-d,m)

Return 10%?Me+ 10M(e+f+g)+ f

// Base Case

// Split

// Recurse

// Merge



Correctness of Karatsuba

* Claim: The algorithm Karatsuba is correct
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Correctness of Karatsuba

* Claim: The algorithm Karatsuba is correct
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Running Time of Karatsuba

Karatsuba (x,y,n) :
00— If (n =1): Return x-Yy

0(~) Let m « [n/2]
{ Write x=10M"a+b, y=10"c+d

f <« Karatsuba(b,d,m)

g « Karatsuba,m)

Return lo_z\m/ei 10™ (e Q%ig& +f
0(n) a
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Let e <« Karatsuba(a,c,m)
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Recursion Tree T(n) =3-T(n/2)+Cn
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Geometric Series
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Karatsuba Wrapup

 Multiply n digit numbers in O (n'>%) time
* Improves over naive 0(n?) time algorithm
* Fast Fourier Transform: multiplyin = O(nlogn) time

* Divide-and-conquer approach
» Uses a clever algebraic trick to split
* Key Fact: addingis faster than multiplying

* Prove correctness via induction

* Analyze running time via recursion tree
e T(n) =3T(n/2)+ Cn



Solving Recurrences:
“The Master Theorem”



M or\’; a=23b=23 =
The “Master Theorem” ¥ .
Vogat svoa a="73, \o"—’Z_J d=|

* Generic divide-and-conquer algorithm:

* Splitinto a pieces of size 2 and merge in time O(nd)

b
* Recipe for recurrences of the form:
. — . d
T(n) =a-T(n/b)+ Cn 0‘3\’ 4 shold
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Recursion Tree e T(n) = aT(n/b) + nt
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Recursion Tree

« T(n) = aT(n/b) +n?




Recursion Tree

« T(n) = aT(n/b) +n?




The “Master Theorem”

* Recipe for recurrences of the form:
« T(n) =a-T(n/b)+ Cn?

* Three cases:
. (b%) >1:T) = @(nlogb “)
. (b%) =1:Tn) = @(ndlogn)

. (b%) <1: T(n) =®(nd)



Ask the Audience!

e Use the Master Theorem to Solve:

. T(n)=16-T(%)+n2

. T(n)=21-T(§)+n2

-T(n)=2-T(§)+1

T =1-T(3)+1

@l = T = oAl
ol = T() = ©(atly
b% <l = T =0(d)
o= lb |b \
b=14 u* - n)= nl\o V\\
i Y T(a) =6 3
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The “Master Theorem”

 Even More General: all recurrences of the form
*T(n) =a-T(n/b)+ f(n)

* Three cases:
* f(n) = 0(nlo&» D),
+ T(n) = 0(nlo8 )
c f(n) = @(nlogb “):
* T(n) =06(f(n) - logn)
« f(n) = Q(nUo8rD*¢) AND af (g) <Cf(n)forCc <1

* T(n) = 0(f(n))



