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Mergesort&Wrapup



Divide&and&Conquer&Algorithms

• Split your&problem&into&smaller&subproblems
• Recursively&solve&each&subproblem
• Combine the&solutions&to&the&subprobelms

Divide&et&impera!
JPhilip&II&of&Macedon

Often combining is easier than solving



Mergesort

11 3 42 28 17 8 2 15Split

11 3 42 28 17 8 2 15

3 11 28 42 2 8 15 17

2 3 8 11 15 17 28 42

Recursively.
Sort

Merge

Recursively.
Sort

List A of n numbers

size 7 size I

can merge in time Oln



Running&Time&of&Mergesort
MergeSort(A):
If (n = 1): Return A

Let ! ← ⌈$ %⁄ ⌉
L ← A[1:m]
R ← A[m+1:n]

Let L ← MergeSort(L)
Let R ← MergeSort(R)
Let A ← Merge(L,R)

Return A

1 n

running
timeof

mergesort on a lot of
sire n I op

A
Oln ops

2 17777
e
E

Oln ops

1 n 2xT E Cn Recurrence Relation

1 In O nlogn



Recursion&Tree ( ) = 2 ⋅ ( ) 2⁄ + .)
( 1 = .

level inputs workexcl.recurs.ve

1 7 Cn Cn

I 1 2x E en

s.in bnuinTdTnE4xCE en

six Ee Cni in i

logznifiDDD.e.rs nxc cn

Total Work is Cn logan 11



Recursion&Tree ( ) = 2 ⋅ ( ) 2⁄ + .)
( 1 = .
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Work&at&this&Level
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Input&Size&at&this&Level



• Claim:.( ) = .) log5 2)

Proof&by&Induction ( ) = 2 ⋅ ( ) 2⁄ + .)
( 1 = .

1 n 2 TIE t Cn

2 c E logan Cn

Cn Logan l

Cn x logz 2n



• Sort&a&list&of&) numbers&in&= ) log) time
• Can&actually&sort&anything&that&allows&comparisons
• Any&comparison&based&algorithm&is&Ω ) log) time

• DivideJandJconquer&approach
• Break&the&list&into&two&halves,&sort&each&one&and&merge
• Key&Fact:&merging&is&easier&than&sorting

• Proof&of&correctness
• Proof&by&induction

• Analysis&of&running&time
• Solve&a&recurrence

Mergesort&Summary

1 n 2x 1 E t Cn



Integer&Multiplication:
Karatsuba’s Algorithm



• Given&)Jdigit&numbers&?, A output&? + A

Addition

1 2 3 4
+ 1 1 2 2
= 2 3 5 6

Basic Operation adding digits 01 carry

Running Time Oln



Multiplication

1 2 3 4
x 1 1 2 2

2 4 6 8
+ 2 4 6 8 0
+ 1 2 3 4 0 0
+ 1 2 3 4 0 0 0

1 3 8 4 5 4 8

• Given&)Jdigit&numbers&?, A output&? ⋅ A

O O

RunningTime re



Divide&and&Conquer&Multiplication

1 2 3 4
x 1 1 2 2

B C

x D E

F = 105 ⋅ 12 + 34

I = 105 ⋅ 11 + 22

F = 10< 5⁄ B + C

I = 10</5D + E

Mia



Divide&and&Conquer&Multiplication

1 2 3 4
x 1 1 2 2

B C

x D E

F = 105 ⋅ 12 + 34

I = 105 ⋅ 11 + 22

F = 10< 5⁄ B + C

I = 10</5D + E

x y
102.12 134 102 It t 22

104 12 11 t 102 12 22 11 34 t 34 22

4 mutts of 2 digits t 3 adds t shifts



Divide&and&Conquer&Multiplication

F = 10< 5⁄ B + C

I = 10</5D + E

F ⋅ I = (10< 5⁄ B + C)(10< 5⁄ D+ E)

= 10<BD +L10< 5⁄ BE + CD + CE

• Four&)/2Jdigit&mults,&three&)Jdigit&adds
• Multiplying&by&10< is&“free”&because&it’s&a&shift

• Recurrence:&( ) = 4( <

5
+ 3)L

B C

x D E

mm mm



• Claim: ( ) ≥ )5

Divide&and&Conquer&Multiplication
( ) = 4 ⋅ ( ) 2⁄ + 3)
( 1 = 1

1 n 4 x TIE 3h

3 4 x E t 3N

NZ 3h 7 n
2

Too
many

recursive calls



Karatsuba’s&Algorithm

? ⋅ A = 10<BD +L10< 5⁄ BE+ CD + CE

• Key&Identity
• C − B D − E = BE + CD − BD − CE

• Only&three&)/2Jdigit&mults&(plus&some&adds)!&

F = 10< 5⁄ B + C

I = 10</5D + E

O P

x Q R

Dont need each on its own

0

A C

bd
b a e d



Karatsuba’s&Algorithm
Karatsuba(x,y,n):
If (n = 1): Return F ⋅ I // Base Case

Let ! ← ⌈$/%⌉ // Split
Write F = ST!B+ C, I = ST!D+ E

Let e ← Karatsuba(a,c,m) // Recurse
f ← Karatsuba(b,d,m)
g ← Karatsuba(b-a,c-d,m) 

Return ST%!U+ ST!(U + V + W)+ VL // Merge



• Claim:.The&algorithm&Karatsuba is&correct

Correctness&of&Karatsuba

An Fx y
with n digits Karatsuba x y n x y

Proof

InductiveHypotheses Hln Fx y with ndigits Klay n xoy
Base Case H l is true obviously



• Claim:.The&algorithm&Karatsuba is&correct

Correctness&of&Karatsuba

Pno d

Inductive Step Assume It 1 H n
meaning

that

Karatsuba is correct for all y with ten digits Want to

show Hln11 Consider
any xy ath ntl dgits

By definition a b c d b a c d all have ten digits

Therefore by HIM Hln e a b f cod g Cb a Co d

Therefore K xg nti 102met 10 etftg t f

102mAb t Ion fade be c d Xy B



Running&Time&of&Karatsuba
Karatsuba(x,y,n):
If (n = 1): Return F ⋅ I

Let ! ← ⌈$/%⌉
Write F = ST!B+ C, I = ST!D+ E

Let e ← Karatsuba(a,c,m)
f ← Karatsuba(b,d,m)
g ← Karatsuba(b-a,c-d,m) 

Return ST%!U+ ST!(U + V + W)+ VL

04

oh

3M

O O

Tnt n7
Shifts mdtby10M is free



Recursion&Tree ( ) = 3 ⋅ ( ) 2⁄ + .)
( 1 = .

RecursionDepth Size took

0 en
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Geometric&Series

• Series

• Solution&X = YZ[\]^

YZ[
= [\]^ZY

[ZY

X = L_ `7
\

7abL

XLL = 1 + ` + `5 +⋯+ `\

`X = LLLLLLLL` + `5 +⋯+ `\ + `\dY

r I

Karatsuba's I XCn

af
n E logan

b ocn.MIL
rel r I
S OCD s re C nlogis



• Multiply&) digit&numbers&in&= )Y.fg time
• Improves&over&naïve&= )5 time&algorithm
• Fast.Fourier.Transform:multiply&in&≈ = ) log) time

• DivideJandJconquer&approach
• Uses&a&clever&algebraic&trick&to&split
• Key.Fact:.adding&is&faster&than&multiplying

• Prove&correctness&via&induction
• Analyze&running&time&via&recursion&tree
• ( ) = 3( ) 2⁄ + .)

Karatsuba&Wrapup



Solving&Recurrences:
“The&Master&Theorem”



The&“Master&Theorem”

• Generic&divideJandJconquer&algorithm:&
• Split&into&B pieces&of&size&$

C
and&merge&in&time&= )E

• Recipe&for&recurrences&of&the&form:&
• ( ) = B ⋅ ( ) C⁄ + .)E

Mergesome a 2 b Z d I

Karatsuba a 3 b 2 d 1

a b d should

be Rest of n



Recursion&Tree • ( ) = B( ) C⁄ + )E

• B
CE

> 1

Level size Werk
nd

II l

tea TO ax F
d
Fa nd

Il I Il l

Z

az

a'x E D
Ea nd

i 1 F
i

ndn ai calls

Gbh DID alogyn
qtogbn.bahYbn.nd



Recursion&Tree • ( ) = B( ) C⁄ + )E

• B
CE

> 1

Total work

sad in F
i

i 0

case l Fa I 5 0 Gb blogba logion

offblogbn logsa

logba



Recursion&Tree • ( ) = B( ) C⁄ + )E

• B
CE

= 1

logbh
S nd Ii Ea

to

case 3 Fa I S nd logbn



Recursion&Tree • ( ) = B( ) C⁄ + )E

• B
CE

< 1

S nd E
i

i O

Case 2 fast S nd



The&“Master&Theorem”

• Recipe&for&recurrences&of&the&form:
• ( ) = B ⋅ ( ) C⁄ + .)E

• Three&cases:
• B

CE
> 1 :&&( ) = Θ )89:C B

• B
CE

= 1 :&&( ) = Θ )E log)

• B
CE

< 1 :&&( ) = Θ )E



Ask&the&Audience!

• Use&the&Master&Theorem&to&Solve:

• ( ) = 16 ⋅ (
<
m
+ )5

• ( ) = 21 ⋅ (
<
f
+ )5

• ( ) = 2 ⋅ (
<
5
+ 1

• ( ) = 1 ⋅ (
<
5
+ 1

Fd I 1 n nlogba

Fa L Tfn ndlogn

F I Tfn nd

a 16

b 4 4
1 Tfn on'login

D 2

a _21
l Tk oCnz

a 2

b 2 I Tfn n

d O

a I

f L TIN o lognb 2

d O



The&“Master&Theorem”

• Even.More.General:.all&recurrences&of&the&form
• ( ) = B ⋅ ( ) C⁄ + n())

• Three&cases:
• n ) = =()(89:C B)Zo):

• ( ) = Θ )89:C B

• n ) = Θ )89:C B :&

• ( ) = Θ n ) ⋅ log)

• n ) = Ω()(89:C p)do) AND. Bn <
C
≤ .n ) for&. < 1

• ( ) = Θ n )


