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National	Residency	Matching	Program

• National	system	for	matching	US	medical	school	
graduates	to	medical	residencies
• Roughly	40,000	doctors	per	year
• Assignment	is	almost	entirely	algorithmic

Alvin	Roth
PROFESSOR,	STANFORD



Labor	Markets

• Most	labor	markets	are	frustrating
• Not	everyone	can	get	their	favorite	job
• The	market	is	decentralized

• Decentralized	labor	markets	are	confusing

You get an offer from your
2nd choice employee

whatever
you do can be wrong

Mistakes can have ripple effects



Centralized	Labor	Markets

• What	if	we	could	just	assign	jobs?		

• What	information	would	we	want?

• How	would	we	choose	the	assignment?

ranking or ordinal
preferences

Every doctor's preferences

Every hospitalis
preference

thoumany

How
many

doctors hospitals

Maximize overall happiness

Stability



Matchings

• We	are	given	the	following	information
• ! doctors	"# …"%
• ! hospitals	ℎ# …ℎ%
• each	doctor’s	ranking	of	hospitals	"# ∶ 	 ℎ) ≻ ℎ+ ≻ ℎ#
• each	hospital’s	ranking	of	doctors	ℎ# ∶ 	 "# ≻ "+ ≻ ")

1st 2nd 3rd 4th 5th

MGH Bob Alice Dorit Ernie Clara

BW Dorit Bob Alice Clara Ernie

BID Bob Ernie Clara Dorit Alice

MTA Alice Dorit Clara Bob Ernie

CH Bob Dorit Alice Ernie Clara

1st 2nd 3rd 4th 5th

Alice CH MGH BW MTA BID

Bob BID BW MTA MGH CH

Clara BW BID MTA CH MGH

Dorit MGH CH MTA BID BW

Ernie MTA BW CH BID MGH

I

di's preferences



Matchings

• A	matching	, is	a	set	of	doctor-hospital	pairs
• , = 	 "#, ℎ) , "), ℎ+ 	
• matching: no	doctor/hospital	appears	twice
• perfect	matching: every	doctor/hospital	appears	once
• “" is	matched	to	ℎ”: ", ℎ ∈ ,

d B matched o Id h cM for some h



Stable	Matchings

• A	matching	, is	unstable	if	some	doctor-hospital	
pair	prefer	one	another	to	their	mate	in	,

• Instabilities
1. ", ℎ such	that	" is	matched	to	ℎ′,	ℎ is	unmatched,	

but	" ∶ ℎ ≻ ℎ′
2. ", ℎ such	that	ℎ is	matched	to	"′,	" is	unmatched,	

but	ℎ ∶ " ≻ "′
3. ", ℎ such	that	" is	matched	to	ℎ’,	ℎ is	matched	to	"’,	

but	" ∶ ℎ ≻ ℎ′ and	ℎ ∶ " ≻ "′EF

d h d h h

n h d d
d o h



Ask	the	Audience

• Either	find	a	stable	matching	or	convince	yourself	
that	there	is	no	stable	matching	

1st 2nd 3rd
MGH Alice Bob Clara
BW Bob Clara Alice
BID Alice Clara Bob

1st 2nd 3rd
Alice BW BID MGH
Bob BID MGH BID
Clara MGH BID BW

M Alice BID
Bob MGH ClaraBW

fff BBBW

M BobMGH Alice BW Clara BID

M Alice Bu Bob BID Clara MGH



Gale-Shapley	Algorithm

• Let M be empty
• While (some hospital h is unmatched):

• If (h has offered a job to everyone): break
• Else: let d be the highest-ranked doctor to 
which h has not yet offered a job

• h makes an offer to d:
• If (d is unmatched):

• d accepts, add (d,h) to M
• ElseIf (d is matched to h’ & d: h’ > h):

• d rejects, do nothing
• ElseIf (d is matched to h’ & d: h > h’):

• d accepts, remove (d,h’) from M and 
add (d,h) to M

• Output M

Initiallyany hospital

DeferredAcceptance

L



Gale-Shapley	Demo

1st 2nd 3rd 4th 5th

MGH Bob Alice Dorit Ernie Clara

BW Dorit Bob Alice Clara Ernie

BID Bob Ernie Clara Dorit Alice

MTA Alice Dorit Clara Bob Ernie

CH Bob Dorit Alice Ernie Clara

1st 2nd 3rd 4th 5th

Alice CH MGH BW MTA BID

Bob BID BW MTA MGH CH

Clara BW BID MTA CH MGH

Dorit MGH CH MTA BID BW

Ernie MTA BW CH BID MGH

FFI Dix
F XD X FIEF MAX

Df9XX1DX IPAD TIX



Observations

• Hospitals	make	offers	in	descending	order

• Doctors	that	get	a	job	never	become	unemployed

• Doctors	accept	offers	in	ascending	order

If h d cM at some point h will never be matched
to a doctor it likes better

If d is matched at some point then it's matched forever

If d h f M at some point d ends upwith a

hospital it prefers to h



Gale-Shapley	Algorithm

• Questions	about	the	Gale-Shapley	Algorithm:
• Will	this	algorithm	terminate?
• Does	it	output	a	perfect	matching?
• Does	it	output	a	stable	matching?
• How	do	we	implement	this	algorithm	efficiently?

Do stablematchingsexist



GS	Algorithm:	Termination

• Claim: The	GS	algorithm	terminates	after	!)
iterations	of	the	main	loop ni job offers

There are only n possible joboffer

No offer is made twice



GS	Algorithm:	Perfect	Matching

• Claim: The	GS	algorithm	returns	a	perfect	matching	
(all	doctors/hospitals	are	matched)

Proofby Contradiction

Suppose some he is unmatched

some d is unmatched

case h never offered to d case20hmade an offerto d

algorithm
wouldnt end

case d accepted but ther d wouldbematched

case d rejected bit ther d Wold bematched



GS	Algorithm:	Stable	Matching

• Stability: GS	algorithm	outputs	a	stable	matching
• Proof	by	contradiction:
• Suppose	there	is	an	instability	", "6, ℎ, ℎ′

stablematchings
17always exist

d a h d h

d h d d

We know h made a joboffer to d before d

case d accepted at the time

case d rejected at the time

contradiction all be that in either case d



GS	Algorithm:	Stable	Matching

• Stability: GS	algorithm	outputs	a	stable	matching
• Proof	by	contradiction:
• Suppose	there	is	an	instability	", "6, ℎ, ℎ′

stablematchings
17always exist

d a h d h h

d h h d d

case d accepted at the time

B c doctors goop d h's h



GS	Algorithm:	Stable	Matching

• Stability: GS	algorithm	outputs	a	stable	matching
• Proof	by	contradiction:
• Suppose	there	is	an	instability	", "6, ℎ, ℎ′

stablematchings
17always exist

d a h d h h

d h h d d

case d rejected at the time

d rejected ble d was matched to some.h

and d h h b c doctors go up d h's h

therefore do h h



GS	Algorithm:	Running	Time

• Running	Time:
• A	straightforward	implementation	requires	≈ !+
operations,	≈ !) space



GS	Algorithm:	Running	Time

• Let M be empty
• While (some hospital h is unmatched):

• If (h has offered a job to everyone): break
• Else: let d be the highest-ranked doctor to 
which h has not yet offered a job

• h makes an offer to d:
• If (d is unmatched):

• d accepts, add (d,h) to M
• ElseIf (d is matched to h’ & d: h’ > h):

• d rejects, do nothing
• ElseIf (d is matched to h’ & d: h > h’):

• d accepts, remove (d,h’) from M and 
add (d,h) to M

• Output M

i

1operator

3

NZ joboffers n per offer Us time



GS	Algorithm:	Running	Time

• Running	Time:
• A	careful	implementation	requires	just	≈ !) time	
and	≈ !) space



GS	Algorithm:	Running	Time

• Running	Time:
• A	careful	implementation	requires	just	≈ !) time	
and	≈ !) space

1st 2nd 3rd 4th 5th

Alice CH MGH BW MTA BID

Bob BID BW MTA MGH CH

Clara BW BID MTA CH MGH

Dorit MGH CH MTA BID BW

Ernie MTA BW CH BID MGH

MGH BW BID MTA CH

Alice 2nd 3rd 5th 4th 1st

Bob 4th 2nd 1st 3rd 5th

Clara 5th 1st 2nd 3rd 4th

Dorit 1st 5th 4th 3rd 2nd

Ernie 5th 2nd 4th 1st 3rd

create a an array
of doctor hospital in NZops



GS	Algorithm:	Running	Time

• Running	Time:
• A	careful	implementation	requires	just	≈ !) time	
and	≈ !) space

WZ time to convert doctor x rank Ido G Kho

n'offers x 2 operators

L NZ operations



Real	World	Impact



Real	World	Impact

• Doctors	↔ Hospitals
• Have	to	deal	with	two-body	problems
• Have	to	make	sure	doctors	do	not	game	the	system

• Kidneys	↔ Patients
• Not	all	matches	are	feasible	(blood	types)
• Certain	pairs	must	be	matched

• Students	↔ Public	Schools
• Siblings,	walking	zones,	diversity

• Reform	Rabbis	↔ Synagogues
• No	idea,	just	a	fun	example

2012	Nobel	Prize	
to	Lloyd	Shapley	
and	Al	Roth!



• Claim: For	every	! ∈ ℕ,	∑ 21234
156 = 22 − 1

• Proof	by	Induction:

Ask	the	Audience


