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Max flow, min cut



“Consider a rail network connecting two cities by way of a
number of intermediate cities, where each link of the
network has a number assigned to it representing its
capacity. Assuming a steady state condition, find a
maximal flow from one given city to the other.”

Ford-Fulkerson attributed to T. Harris



Harris-Ross ‘55



Harris-Ross ‘55



Flow network

• G = (V, E) directed

• Source vertex s, sink vertex t

• Each edge e has a capacity 𝑐(𝑒) ≥ 0
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Flow

• Each edge e has a flow amount 𝑓(𝑒) ≥ 0

• Capacity constraints: 𝑓 𝑒 ≤ 𝑐 𝑒 ∀𝑒 ∈ 𝐸

• Flow conservation: for every node 𝑢 ≠ 𝑠, 𝑡

෍

𝑣∈𝑉

𝑓 𝑢, 𝑣 = ෍

𝑣∈𝑉

𝑓(𝑣, 𝑢)

• Value |f| = net out flow of s = net in flow of t
= σ𝑣∈𝑉 𝑓 𝑠, 𝑣 − σ𝑣∈𝑉 𝑓(𝑣, 𝑠)

Total out flow Total in flow



Example

s

u

v

t

3/3

4/5 3/3

0/2 1/1

4/6

Flow value/Capacity

Total in flow of t: 7Total out flow of s: 7

Saturated: Flow = Capacity



Max flow

• Given a graph G=(V,E) and capacities c

• Find flow f maximizing value |f|



Greedy?
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Need to allow for correction

• Residual graph Gf = (V, Ef) based on G = (V,E) and f

• For each (𝑢, 𝑣) ∈ 𝐸

• Edge (u, v) in Ef with capacity c(u,v) – f(u,v)

• Edge (v, u) in Ef with capacity f(u,v)

How much more
flow can be sent
forward?

How much flow can be 
sent backward/cancelled?



Greedy with correction
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Augmenting paths

• Path from s to t in Gf consisting of only edges with 
positive residual capacities



Ford-Fulkerson algorithm

• Initialize f(u,v) = 0 for all (u, v)

• While there exists an augmenting path p in Gf

• Let D be minimum capacity of edges in p

• For all forward edges e in p

• Increase f(e) by D

• For all backward edges e in p

• Decrease f(e) by D



Termination
• f is always a valid flow

• Initially, f=0 is valid

• When flow is augmented along path p,

• Capacities are not violated

• Augment by D = minimum residual capacity

• Flow conservation is preserved

• Flow is pushed along a path so at any intermediate vertex,
flow in = flow out

• If all c(e) are integers then all f(e) are always integers

• Inductively, all residual capacities are integers so D is an integer 
and the flow stays integral

• Flow increases by ≥ 1 every time so algo eventually finishes

Is final flow f any good?



Optimality
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Optimal since flow value = 3 and capacities out of s is 3 

s

u

v

t

2/10

1/1 2/10

1/1

1/1

What about



s-t cut

• A partition of vertices into two sets A, B with 𝑠 ∈ 𝐴
and 𝑡 ∈ 𝐵

• Capacity of cut A,B is

cap A, B = ෍

𝑢∈𝐴,𝑣∈𝐵

𝑐(𝑢, 𝑣)

A B

s t



𝐹𝑙𝑜𝑤 𝑣𝑎𝑙𝑢𝑒 ≤ 𝑐𝑢𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦

A B

s t

• Flow value = σ𝑣∈𝑉 𝑓 𝑠, 𝑣 − 𝑓(𝑣, 𝑠)
• By flow conservation, 0 = σ𝑣∈𝑉 𝑓 𝑢, 𝑣 − 𝑓(𝑣, 𝑢) for all 𝑢 ≠ 𝑠, 𝑡
• Thus, flow value = σ𝑢∈𝐴,𝑣∈𝑉 𝑓 𝑢, 𝑣 − 𝑓(𝑣, 𝑢)

= σ𝑢∈𝐴,𝑣∈𝐴 𝑓 𝑢, 𝑣 − 𝑓 𝑣, 𝑢 + σ𝑢∈𝐴,𝑣∈𝐵 𝑓 𝑢, 𝑣 − 𝑓(𝑣, 𝑢)

Net out flow from A

Net out flow from s

a

b

𝑢 = 𝑎, 𝑣 = 𝑏 +𝑓 𝑎, 𝑏

𝑢 = 𝑏, 𝑣 = 𝑎 −𝑓 𝑎, 𝑏

Net flow from A to A   =   0



𝐹𝑙𝑜𝑤 𝑣𝑎𝑙𝑢𝑒 ≤ 𝑐𝑢𝑡 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦

A B

s t

• Flow value = σ𝑢∈𝐴,𝑣∈𝐵 𝑓 𝑢, 𝑣 − 𝑓(𝑣, 𝑢)

• By capacity constraints, 

෍

𝑢∈𝐴,𝑣∈𝐵

𝑓 𝑢, 𝑣 − 𝑓(𝑣, 𝑢) ≤ ෍

𝑢∈𝐴,𝑣∈𝐵

𝑓 𝑢, 𝑣 ≤ ෍

𝑢∈𝐴,𝑣∈𝐵

𝑐 𝑢, 𝑣



Optimality

3 equivalent statements:

• f is maximum flow

• There is s-t cut (A,B) such that |f| = cap(A,B)

• There is no augmenting path in Gf



|f| = cap(A,B) implies f maximum

• |𝑓’| ≤ 𝑐𝑎𝑝(𝐴, 𝐵) for all flow f’

• Thus f is optimal



f maximum implies no augmenting path

• Prove the contrapositive

• If there were augmenting path p then Ford-
Fulkerson can improve value of f

• Thus f is not maximum



No augmenting path implies 
|f|=cap(A,B) for some A,B
• Define A = {v reachable from s in Gf}, 𝐵 = 𝑉 ∖ 𝐴

• s is reachable from s to s ∈ 𝐴

• t is not reachable from s so 𝑡 ∉ 𝐴

A B

s t

Not possible since
A would be larger

Gf



A B

s t

Not possible since
A would be larger

• All edges e from A to B in G are saturated (𝑓 𝑒 =
𝑐(𝑒)) since e goes backward in Gf

• All edges e from B to A in G are not used since 
there is no backward edge from A to B (𝑓(𝑒) = 0)

• Thus,

𝑓 = ෍

𝑢∈𝐴,𝑣∈𝐵

𝑓 𝑢, 𝑣 − 𝑓 𝑣, 𝑢

• |f|=cap(A,B)
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