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3.1 VECTOR SPACES

Vector spaces are the basic setting in which linear algebra happens. A vector space V' is a set (the
elements of which are called vectors) on which two operations are defined: vectors can be added
together, and vectors can be multiplied by real numbers! called scalars. V must satisfy

ADDITION . +: VxV— V

(X".( j— X+ 3

MoLTiPLicATION: «: (R, V)— V

(d,%x)r— dx

(i) There exists an additive identity (written 0) in V' such that x + 0 =x for all x € V

(ii) For each x € V, there exists an additive inverse (written —x) such that x + (—x) =0

(iv) Commutativity: x +y =y +x for all x,y € V

)
)
(iii) There exists a multiplicative identity (written 1) in R such that 1x =x for all x € V
)
(v) Associativity: (x+y)+z=x+(y+2z)and a(fx) = (af)x for all x,y,z€ V and o, € R
)

(vi) Distributivity: a(x+y) = ax+ ay and (o + f)x = ax+ fx for all x,y € V and o, 8 € R
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If a set of vectors is linearly independent and its span is the whole of V', those vectors are said to
be a basis for V. In fact, every linearly independent set of vectors forms a basis for its span.

If a vector space is spanned by a finite number of vectors, it is said to be finite-dimensional.
Otherwise it is infinite-dimensional. The number of vectors in a basis for a finite-dimensional
vector space V' is called the dimension of V' and denoted dim V.
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3. 1.2 suLs,o.ca,s

Vector spaces can contain other vector spaces. If V is a vector space, then S C V is said to be a
subspace of V if

(i) 0e S
(ii) S is closed under addition: x,y € S implies x +y € S

(iii) S is closed under scalar multiplication: x € S, o € R implies ax € S

g I S o waSF&—& :

o 5l w3 s e wer)e B

128 ) 29

0 53, { 28128 Wﬂw& imma,e, o(fafaf}éik






3.2 Lirvore Ha,?s

A linear map is a function 7" : V — W, where V and W are vector spaces, that satisfies

(i) T(x+y)=Tx+Ty for all x,y € V
(ii) T(ax) =aTx forall x € V,a € R
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3.4 Normeol Spob S
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(i) ||x|| > 0, with equality if and only if x =0
(i) [Jax]| = |affx]

(iii) [[x+y|l < [|x] + [ly]| (the triangle inequality again)

for all x,y € V and all « € R. A vector space endowed with a norm is called a normed vector
space, or simply a normed space.
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4.4 HesSscam

The Hessian matrix of f : R? — R is a matrix of second-order partial derivatives:
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4.6 Toulow's Theoromm
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Theorem 6. (Taylor’s theorem) Suppose f: RY — R is continuously differentiable, and let h € RY.
Then there exists t € (0,1) such that

f(x+h)=f(x)+ Vf(x+th)h

Furthermore, if f is twice continuously differentiable, then
1
Vf(x+h)=Vf(x)+ / V2f(x+ th)hdt
Jo

and there exists t € (0,1) such that

f(x+h)=f(x)+ Vf(x)'h+ %hTVQf(x +th)h
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