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Week 3 — Summary — Riemann Integration
34. * A partition of [a, b] is a sequence (xg,x1,...,2,) Wherea = xo < 21 < --- < 2,1 < x5, = b. The
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size of the partition P is the length of its longest subinterval: ||P|| = max; |x;+1 — x;].

* The upper and lower Riemann sums of the function f under the partition P of [a, b] are given by
vb(s, P z Mi(f)(wisr — 1)

Lb (f,P) z:mZ (Tip1 — 24)

where MZ(f) = SUPgelz;,zi41] f(x) and ml(f) = inf:ce[:ci,:cprﬂ f(l')

* If the infimum all upper sums of a function equals the supremum of all lower sums, we say the function
is Riemann integrable. We say that the value of the integral is equal to the shared value of this infimum
and supremum.

* All upper sums are at least as large as all lower sums. That is, for any partitions P, P» and function
f:la,b] — R,
Up(f, P1) = Li(f, Py)

*Darboux criterion: The function f is Riemann integrable on [a, b] if and only if for all € there is a
partition P for which U2(f, P) — LY(f, P) < e.

* Continuous functions are Riemann integrable (on closed bounded domains).

*The function f is Riemann integrable on [a, b] with value s if and only if for all £ there is a J such that
Ub(f,P) —s <eand s — L2(f, P) < £ whenever || P,|| < 6.

*The Riemann integral has several inadequacies.



