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1. (a) Is the countable intersection of compact sets compact? Prove it or find a counterexample.
(b) Find a complete normed vector space V and a subset S such that S is closed and bounded but is
not compact. Provide a direct proof that S is closed, bounded, and not compact.
2. Let f : [a, b] → R be a real-valued function. Let P = {t0 P
≤ t1 ≤ . . . ≤ tn } be a partition of [a, b].
Define the variation of f with respect to P to be VP (f ) = n−1
k=0 |f (tk+1 ) − f (tk )|. Define the total
variation of f as V (f ) = supP VP (f ).
(a) Show that if f is non-decreasing and bounded, then V (f ) is finite.
(b) Show that if f ∈ C 1 ([a, b]), then V (f ) is finite.
(c) Is V (f ) a norm on C 1 ([a, b])? Prove your answer.
3. Let f ∈ C 0 ([a, b]).
(a) Can f be approximated arbitrarily well (in a uniform sense) by a function in C 2 ([a, b])? Prove
your answer.
(b) Same, but for approximation in an `1 sense.
P
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4. For any α = {an } ∈ `1 , let L(α) = ∞
n=1 an cos nx. Show that L is a continuous linear map of `
1
0
(with the ` norm) into C (R) (with the sup norm).
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