A NEW EXISTENCE PROOF OF JANKO’S SIMPLE GROUP J,

G. D. COOPERMAN, W. LEMPKEN, G. O. MICHLER, AND M. WELLER

INTRODUCTION

Janko’s large simple sporadic group J, was originally constructed by Benson,
Conway, Norton, Parker and Thackray as a subgroup of the general linear group
GL112(2) of all invertible 112 x 112-matrices over the field GF(2) with 2 elements,
see [1] and [13]. So far the construction of the 112-dimensional 2-modular irreducible
representation of Jy is only described in Benson’s thesis [1] at Cambridge University.
Furthermore, its proof is very involved.

In his paper [12] Lempken has constructed two matrices z,y € GL1333(11) of
orders o(z) = 42, o(y) = 10, respectively, which describe a 1333-dimensional 11-
modular irreducible representation of J4. These two matrices are the building blocks
for the new existence proof for J; given in this article.

In [17] the fourth author has used this linear representation of the finite group
G = (x,y) to construct a permutation representation of G of degree 173 067 389
with stabilizer M = (23, y, (z1*)!), where t = (2'%y%)2. His main result is described
in section 2. It is based on a high performance computation on the supercomputers
of the Theory Center of Cornell University and the University of Karlsruhe.

Using Weller’s permutation representation we show in Theorem 5.1 of this article
that the group G = (x,y) is simple and has order

|G| =2'%.3%.5.7.11%.23.29.31-37-43.

Furthermore, we construct an involution u; # 1 of G and an element a; of order
3 as words in z and y such that H = C(u1) has the following properties:

(a) The subgroup @ = Oo(H) is an extra-special group of order |Q| = 213
such that Cy(Q) = (uq).

(b) P = (a1) is a Sylow 3-subgroup of O3 3(H), and Cqo(P) = (u1).

(c) H/Os3(H) = Aut(Mas), the automorphism group of the Mathieu group
Mao, Ny (P) # Ch(P) =2 6Mas, the sixfold cover of Mas.

Hence G = J; by Theorem A of Janko’s article [11].

In fact we give generators of these subgroups of H in terms of short words in
x and y, see Theorem 5.1. Therefore all the assertions of this result can easily be
checked by means of the computer algebra systems GAP or MAGMA without using
the programs of [17].

In section 1 we determine the group structure of the subgroup M = (23, y, (x'4)?),
where t = (21%y®)2. Proposition 1.3 asserts that M is the split extension of an ele-
mentary abelian group E of order 2'! by the simple Mathieu group Ms4. By Propo-
sition 1.4 the restriction of Lempken’s 1333-dimensional 11-modular representation
V of G = (x,y) to M decomposes into two irreducible 11-modular representations
W and S of dimensions dimgr W = 45 and dimz S = 1288. From these data the
fourth author has constructed the above mentioned permutation representation of
G having degree 173067389 in [17].

Section 3 is devoted to determine the group structure of H = (x7,4°, (#14)2, (r1)?)
of G, where a and b are suitably chosen elements of G described in Lemma 3.2.
In Lemma 3.1 we construct an involution u; # 1 of G such that H < Cg(u1). In
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fact, we show in Proposition 3.3 that the group H has all the properties stated in
assertions (a), (b) and (c¢) above.

In section 4 we study the fusion of the involutions of the stabilizer M in G.
Proposition 4.1 asserts that G has 2 conjugacy classes of involutions (u1)¢ and
(wy)¥. Using this result and another high performance computation determining
the number of fixed points of the involution u; on the permutation module of degree
173 067 389 we prove in Proposition 4.2 that H = Cg(u1). In the final section it
is shown that G is a simple group. This is done in Theorem 5.1, which completes
our existence proof of Janko’s simple group Jy.

Concerning our notation and terminology we refer to the Atlas [4] and the books
by Butler [3], Gorenstein [7], Gorenstein, Lyons, Solomon [8] and Isaacs [10].

1. LEMPKEN’S SUBGROUP G = (x,y) OF GL13335(11)

Throughout this paper F denotes the prime field GF(11) of characteristic 11.
Let V be the canonical 1333-dimensional vector space over F. In Theorem 3.16
and Remark 3.21 of [12] Lempken describes the construction of two 1333 x 1333-
matrices z,y € GLi333(11) of orders o(x) = 42 and o(y) = 10, which will become
the starting data for the construction and new existence proof of Janko’s group
J4. Because of their size these matrices cannot be restated here, but they can be
received by e-mail from eowmob@@exp-math.uni-essen.de.

Throughout this paper G = (x, y) is the subgroup of GL1333(11)generated by the
matrices x and y of orders 42 and 10, respectively. The following notations are taken
from Lempken’s article [12]. There he considers the subgroup M = (z3,y, (z**)!)
with ¢ = (2'%y°)? as well. However we cannot quote any result of [12] on the
structure of the subgroup M, because Lempken assumes the existence of the simple
Janko group Jy.

In this section we show that the subgroup M is a split extension of an elemen-
tary abelian normal subgroup E of order |E| = 2!! by the simple Mathieu group
Msy. Furthermore, the module structure of the restriction of the 1333-dimensional
representation of G to the subgroup M is determined.

The following notations are kept throughout the remainder of this article.

Notation 1.1. In G = (x,y) < GL1333(11) define the following elements:

ro = yz*ly =

r = athyz?ly g = (TO)w%
1o = y3x2ly7

g = plhySg2ly Ty 14 = (,,,2)x28
vy = ySa2lyt

vy = ySa2ly?

vy = yla?lyb

Vg = :]C21

w1 = [x67y5]

uy = [27 w28 7] = (v172)? = [2~

uz = (v3ro)?

uz = ul(’U47"0>2

ug = (v3r2)?

us = U4('U4T2)2

s1=y'ny~ = (n)!

Sg = (le)yzi’s _ x14y71x21ym714
dy = [(r1)b, 51], where b = y~22=°
d2 = (le)y

12(y5x6)2(x21)y_1a:28]2



a; = d11}6d1.’L‘24d1

ty = 51(T1)l:81

t2 = (1’21)y0

qo = rirady sy (a®y?)*

az = s1(go)*s1(qo0)*s152

ag = t1 (zM5) 221 (2 1y5)2t,

z = (x')!, where t = (x14y5)?

Observe that the elements a1, a3, ag, z € G have order 3, and ¢y € G has order 7.
All other elements are involutions of G.

Lemma 1.2. Let L = (2%,9y2,2) < G = (z,y). Let T = (25,9?), j = (2%9%21?)3,

and s = y®(y?z'®)*. Then the following assertions hold:

T = (2% 9y?) = GL4(2).
= (j)°
To = (7‘1)
ty= (ro)?",ra = (r0)¥",dy = (r0)¥" € L.

Ey = (rg,re,da,ta) is an elementary abelian normal subgroup of
N = (T, E3) with order |Ey| = 2%.

f) N=E;T, EsNT =1, and N is perfect.

g) |L:N|=759, and|L| =2%-3%.5.7.11-23.

h) L= My, the simple Mathieu group.
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Proof. (a) By MAGMA the simple group GL4(2) 2 Ag has the following presenta-
tion with respect to the generators a and b of orders 5 and 7, respectively:

a®=b"=(ba®)t =1,
(b%a)? - b~ tab ta®b"ta" =1,
(x) bdabab—3ab™1a® =1,
ba v ta*b2a 0 taba" =1,
b2aba b tadbtab taba =1,
(b2ab~ta 1o~ ta"1)? = 1.
Choosing a = y? and b = 29 it follows by means of MAGMA that all the relations
of (x) are satisfied. Hence T' = (2%, 9y2) = GL4(2).
(b) Certainly j = (2%y%2'2)3, s = y5(y%2'®)* € T. Hence (j)* € T. Using
MAGMA one checks that r1 = (j)°.
(¢) From r; € T < L we obtain (r1)* € L. Using MAGMA again one gets that
To = (T’l)z .
(d) As y? has order 5 it is easily checked that conjugation by y? yields the
following orbit:
y2 : tg — T2 — Ty — d2 — TOT2d2t2 — tg.
Hence all assertions of (d) hold.
(e) Similarily 2 has the following conjugation action:

8ty — ty, and rg — 1o — do — 1rods

Thus Eo = (ro,72,ds,t2) is a normal elementary abelian subgroup of N = (T, F»)
of order |Ey| = 2%.

(f) As T is a simple group by (a) we now get N = E>T, and E; N'T = 1. Since
FE5 is a simple 2-modular representation of 7', it follows that IV is perfect.

(g) Using the coset enumeration algorithm of MAGMA we see that |L : N| = 759.
Hence |L| =2%0.3%.5.7-11-23.

(h) A matrix computation inside GLj333(11) shows that [z,t3] = z. Therefore
L = (N,z) is perfect by (f). As |L : N| is odd, any Sylow 2-subgroup of L is
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isomorphic to a Sylow 2-subgroup of N, and therfore to those of L5(2) or May.
Applying now Theorem 1 of Schoenwaelder [16] we get L = Moy.
O

Proposition 1.3. Let M = (23,y,2) < G = (x,y). Then the following assertions

hold:
(a) E = (ui,uz,us,uq, us, Us, V170, VaT2, V3da, Vata, y°) is an elementary abelian

normal subgroup of M with order |E| = 211

(b) L= (2542, 2) is a subgroup of M such that M = EL, ENL =1,
and L is isomorphic to the simple Mathieu group Msy acting irreducibly
on E.

() |M|=2%1.3%.5.7-11-23.
(d) M is perfect.
(e) M has six conjugacy classes of involutions with representatives:

UL, To, T1T2, W1, U4To GNd ULT1TD.

Proof. (a) By Lemma 1.2 (b) the elements t5, ds, 79, 2 are contained in
L= (2% 9% 2) < M = (23,y,2). The following equations are verified by means of
MAGMA:
[y5,t2] = v4to, [y5,d2] = v3da, [y5,r2] = U2Ta, [y577“0] = U170, [U2T2,7‘0] = U1,
[’Ugdg, ’I”Q] = U2, [’U4t2, To} = Uius, [Ugdg, 7"2] = U4, [U4t2, 7“2] = U4qU5, and
[vata, da] = ug. Hence E = (uy, uz, ug, u4, us, Us, V170, V2T2, v3da, Vata, y°) < M.
Using the computer and MAGMA it is checked that the 11 involutions
U1, Ug, U3, Ua, Us, Ug, V1T0, UaT, U3da, Vate and y° commute pairwise, and that they
generate an elementary abelian normal subgroup of M with order |E| = 211
(b) L = (25,42, 2) is a simple subgroup of M by Lemma 1.2. Thus ENL = 1, and
EL is a subgroup of M. We claim that M = EL. Certainly, y = 3° - (y?)3 € EL.
Lemma 1.2 (d) asserts that to € L. Hence

23 = (2% 2? = (%) vy = (251 - (vatp) -ty € EL
Thus M = (23,y,2) = EL. It is well known that the smallest, non-trivial,
irreducible 2-modular representation of L = My, is of degree 11. Hence L acts
irreducibly on E, because 1 # wy = [25,1°] € [L, E].

(c) By (a), (b) and Lemma 1.2 (g) we have

M| =|E-L|=2".210.33.5.7.11.23=221.33.5.7. 1123,

(d) As L is a simple group, L = L’ < M’. Since L acts irreducibly on E by (b),
we have E = [E, L] < M’. Therefore M = EL = M'.

(e) Tt is well known that the simple Mathieu group Ms4 has 2 non-isomorphic
simple 2-modular representations of degree 11. They are dual to each other. Hence
there are 2 non-isomorphic split extensions 2''My,. By GAP [15] the character
tables of these groups are both known. It follows that M has six conjugacy classes.
Certainly, uM, wi, v} (usrg)™ and (rir2)™ are 5 different conjugacy classes
of involutions of M, because their lengths [ul| = 71123, |[w}| = 22 .3 .23,
|rd!| = 2%.32.5-11-23, |(u4ro)M| = 2%-32.5.7-11-23, and |(ry72)™| = 26-32.7-11-23
are all distinct. Furthermore, |(uzrire)™| = 2-32.7-11-23, but the matrices 7179
and usriry are not conjugate in M, because they have different traces tr(riry) =
9 and tr(ugrire) = 0 in GF(11) as is checked by means of MAGMA. O

The following result is due to Lempken [12].

Proposition 1.4. Let G = (x,y), and M = {2 y,2). Then the following asser-
tions hold:



(a) V = F1333 is a simple FG-module.

(b) M is a subgroup of G such that the restriction Vipy = W& S,
where W and S are simple F'M -modules with dimensions dimpW = 45
and dimpS = 1288.

Proof. Assertion (a) is a restatement of Theorem 3.20 of [12]. (b) is checked by
means of Parker’s Meat-Axe algorithm contained in GAP, see [15].
]

2. TRANSFORMATION OF G INTO A PERMUTATION GROUP

In [5] Cooperman, Finkelstein, York and Tselman have described a method for
the transformation of a linear representation of a finite group x : X — GL,,(K) over
a finite field K into a permutation representation 7 : X — S,,, where m denotes
the index of a given subgroup U of X.

This transformation is an important idea, because most of the efficient algorithms
in computational group theory deal with permutation groups, see [3]. In particular,
there is a membership test for a permutation o € S, to belong to the subgroup
(X).

Using Algorithm 2.3.1 of [6] M. Weller [17] strengthened the results of Cooperman
et al. [5] as follows:

Theorem 2.1. Let K be a finite field of characteristic p > 0. Let U be a subgroup
of a finite group X, and let V be a simple KX- module such that its restriction
Viu contains a proper non-zero KU- submodule W. Then there is an algorithm to
construct: R

(a) The stabilizer U = Stabg(W) ={g € GIlWg=W <V},

(b) a full set of double coset representations x;,1 <i <k, of U in G,

E .
i.e. G=JUxU,
i=1
(¢) @ base [B1,B2,---,0;] and strong generating set {gs|1 < s < q} of G with

respect to the action of G on the cosets of U, which coincides with the
giwen operation of G on the FU-submodule W of V.

Using an efficient implementation of this algorithm on the supercomputers of
the Theory Center at Cornell University and of the computer center of Karlsruhe
University M. Weller [17] has obtained the following result.

Theorem 2.2. Let G = (x,y) < GLi333(11) and M = (23,y,2). Then the follow-
ing assertions hold:
(a) |G:M|=173067389
(b) |G| =2%.3%.5.7-112-23-29-31-37-43
(¢c) If Q denotes the index set of the cosets Mg; of M in G, then G induces on
Q={1,2,---,173067389} a faithful permutation action with stabilizer
stabg(1) = M.

7
(d) G=|JMax;M, where the double coset representatives x; of M are given
i=1
by the following words:
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z1 =1 (|[Mz1 M| =1)
xy = xtc!? (|MxoM| = 15180)
23 = 26cycPyctOycOy Tyl Tyl 9y B pc??

= z6y2cOycByctyctOyc'Brc?! (|[Mz3M| = 28336)
xy = x3c3r Lt (|[Mz4M| = 3400320)
Ty = TeIC (|[Mzs M| = 54405120)
xg = xctlacdzc? (|[MxegM| = 32643072)
x7 = x52c20 (|Mx7M| = 82575360)

where ¢ := (x14)tyt(x14)ty=L(214)t has order 23, and t = (x1%y5)2.

3. GROUP STRUCTURE OF THE APPROXIMATE CENTRALIZER H

Lempken [12] determines a suitable involution u; € G and an approximation H
of the centralizer C¢(uy). It is now defined by means of the notation 1.1.
Lemma 3.1. In G = (z,y) let a = riy~*2%y* and b = y=2276.

The subgroup H = (x7,9°, (142, (r1)®) of G = (x,y) contains the involution
uy # 1, and

H < Cg(ul).

Proof. The subgroup H of G is defined in Lemma 2.5 of [12]. Using GAP [15] it
can easily be checked that u? = 1, and that u; commutes with the given generators
of H. O

The remainder of this section is devoted to determine the group structure of H.
Lemma 3.2. Let H = (z7,y%, (z14)2, (r))%), M = (23,y, 2), where a = ry(25)¥"
and b=y 2276, Let W = HN M. Then the following assertions hold:

(a) |H:W|=177

(b) Q= (u1,us,us,uq,us,v1,v2,r,71,T2,73,d1, 51) s a normal extra-special
2-subgroup of H with |Q| = 2'3.

(¢) K ={ds,s2,t2,a1,as3,a6) is a subgroup of W with center Z(K) = (a1)
such that K = 3Ag.

(d) A= (uy,up,v3da,vate,y>) is an elementary abelian subgroup of W with
order |A| = 25 normalized by K (t1), and AN K{t;) = 1.

(6) HﬂM:QAK<t1>, andK<t1>’£3SG.

(f) |H|l=2%-3.5-7-11

Proof. (a) By Theorem 2.2 G = (x,y) has a faithful permutation action on the
173067389 cosets Mg of the subgroup M = (23,y,z). Using the computer we
restrict this permutation representation to the subgroup H. It follows that

|H: HNM|="11.

(b) Let Q = (uy,uz,us, uq, us, v1, V2, ro, 1,72, r3,d1, $1). Using again the com-
puter and the permutation representation of G described in Theorem 2.2 it follows
that Q@ < H N M. Furthermore, we get the following relations:

(UQ)Sl = ujU2, (U3)r3 = ujus, (U4)d1 = U1Uyg
(’UJ1U4U5)T1 = U1(U1U4U5) = U4qUs5, (’Ul)r2 = U1V, ('UQ)TO = Uu1ro-

Since u; commutes with all the generators it follows that (si,us), (rs,us),
(dy,uq), (r1,uruqus), (re,v1) and (rg,vs) are six dihedral subgroups of order 8
with almagamated subgroup (u1), which commute pairwise as subgroups. Hence
@ is their central product. In particular, @ is an extra-special 2-group of order
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|Q| = 2'3. Another matrix computation shows that @ is invariant under conjuga-
tion by the 4 given generators of H. Thus @ is normal in H.

(c) Let K := (ay,ds, s2,t2,as,a6). Using the computer again we see that K is a
subgroup of W = HN M. Define a := tya3dsaagaiadsaarsaag, b := sata, o(a) = 2,
o(b) =4 and o(ab) = 15.

Let x; := b%ab®abab?abab, x5 := a, x5 := b2abab3ab?abab?ab?ab,
x4 = bPabdablab?ab®abababa, and ¢ := x%. Then the following relations hold in
B = {(x1,x2,23,24) < K :

A=1Lat=12i=123 =c2l=1,(2172)3 = 1, (m223)® = 1, (v324)> = 1,
(r123)% = 1, (2124)? = 1, (2224)? = 1,7 = ¢, "2 = ¢,c" = ¢, ™ = c.

By Huppert [9], p.138 B/{c) is isomorphic to the alternating group Ag.
Thus |B| = 3|Ag|.
Now | {a,b) | = 3]Ag| by MAGMA. Furthermore we have a = x2, and

|4 =
b= z%xgx%xgx%xgx%xémx4x1x4x§x2z4x§x1z§x2x3z4xf:c4x§x1x2x1x4x§x4x1 .

Hence B = (x1,x2,x3,x4) = {(a,b).
We claim that K = (a,b). This follows immediately from the following equations:

a; = (bab’ab®abab’ab®)®

dy = b’

sy = (bab*abdabab®ab®)®

ty = bab*ab®(ababab®)®ababa

az = bab’ab®(ababab®)?abab®ab®ababab®
ag = bab’ab®(ababab®)?abab®ab® .

Let p1 = b%ab®abab®ab3abab®. Then p; has order 3 and commutes with a;.
Furthermore, [p1,a3] = a;. Hence D = (p1,a3) is a Sylow 3-subgroup of K. It
is extra-special. Therefore its center Z(D) = (a1) = (¢) does not split off. Hence
K = {a,b) = 3Ag, the non-split 3-fold cover 3A¢ of Ag.

(d) Another application of the permutation representation of G described in
Theorem 2.2 on the computer shows that A = (uy,us,v3da, vata,y?) < W, and
that ay,as,as € W. Then A is an elementary 2-subgroup of W of order |A| = 2°.
Another computation shows that A is normalized by K(¢1), and AN K (t1) = 1.

(e) and (f) As (a1)* = (a1)?, (AK)" = AK and K (t;) = 3Ss by (c).

Certainly H N M < Cjp(u1) by Lemma 3.1. Using MAGMA we see that
|(u)M] = 1771 = 7 - 11 - 23. Therefore |Cp(u1)| = | M| @ |(ug)M| =221 .33 .5
by Proposition 1.3.

Thus HN M = Cy(uy), because |[HN M| > [QAK (t1)| =213.21.23.33.5.2 =
221.33.5. Hence |[H| =221 -3%.5-7-11 by (a), and W = QAK (t;).

O

Proposition 3.3. Let H = (z7,v°, (x'4)?, (r1)®) , where a = ry (1:6)94, b=y 2276,

Then the following assertions hold:

(a) Uy = (ug,v3,v4,da, 52,12, a1, a3, as, v**,9y°) is a subgroup of H with center
Z(Uy) = (uraz)

(b) Uo/Z(U()) = Mgz, and Uo = 6M22

(c) QN Z(Uo) = (u1).

(d) The element a1 of order 8 generates a Sylow 3-subgroup of Oz 3(H), and
Colar) = 2(Q) = (1),

(e) U="Uy: (t1) = Nu({a1))-

(f) H = QU, UﬂQ = UO N Q = Z(U) = <’U,1>, and UO == CH(Cbl)



8 G. D. COOPERMAN, W. LEMPKEN, G. O. MICHLER, AND M. WELLER

(9) U/Z(Uy) = Aut(Maz), the automorphism group of the simple Mathieu group
Mos.

Proof. By Lemma 3.2 we know that ug,v3, v, $2,t2 and dy = (sat2)? belong to
W = HN M. Certainly !4 € H.

By Lemma 3.2 (e) we have ai,a3 € W. (From [y°, s3] = (y°s2)? = ujug € Uy
follows that uia; € Uy and has order 6. By Lemma 3.2

14 5
UO = <u6,1;3,v47d2,52,t2,a1,a3,a6,x Y >

is a subgroup of H. Using MAGMA it is checked that the matrix uija; commutes
with the 11 generators of Uy. Thus (uia1) < Z(Uy).

By Lemma 3.2 (d) A = (uy, ug, v3da, vata, y°) is an elementary abelian subgroup
of Uy with |A] = 25, By Lemma 3.2 (c) and (d) it is normalized by the perfect
subgroup K = (da, s9, 2, a1,as, ag) of Uy. Using MAGMA it can be checked that
A =[A, K] is a uniserial GF(2)K-module. Hence

AK = AK' < (Up)'.

Lemma 3.2 (a), (e) and (f) assert that |Uy : AK| = 77. Since z'* has order 3, and
Up = (AK,z'*) we get z'* € Uj. Hence Uy is perfect.

Let Uy = Up/(ura1). Then Uy is perfect. Let H = H/Q{a;). From Lemma 3.2
we get |H : Ug| =2, and |[Ug| =27-32-5-7-11.

Now we claim that Uy is simple. Since 2'* does not normalize A, it follows that
(uray) is the largest normal subgroup of Uy contained in AK. Thus 02([70) =
O3(Up) = O5(Up) = 1. Suppose that Y is a minimal normal subgroup of Uy. If |Y|
is odd, then |Y| € {7,11}, and Uy splits over Y. Furthermore, Aut(Y) is cyclic.
As Uy is perfect we get Y < Z(Up). Hence U} is a proper subgroup of Up, a
contradiction.

Therefore |Y| is even, and Y N (A : K) # 1. As A is not normal in Uy, we get
A:K <Y. Thus Y = Uy, because |Uy : Y| is odd and Uy is perfect. Hence U is a
simple group of order |Uy| = 27-3-5-7-11. Now Theorem A of Parrott [14] asserts
that Uy = Mas, the simple Mathieu group Mas. Therefore (b) holds. Assertions
(a) and (c) are immediately clear.

(d) Using MAGMA it can be seen that (a1)* = (a1)?. By Lemma 3.2 and (b)
we have H = QUy(t1), |H : QUy| = 2 and O3 3(QUp) = Q{a1). Hence
O23(H) = @ : {(a1). Another computation with MAGMA yields that Cg(a1) =
2(Q) = (u1).

(e) Certainly U = Uy : (t1) < Ng({a1)). In fact, U = Ny ({a1)) by (d) and the
Frattini argument applied to the Sylow 3-subgroup (a1) of Oz 3(H).

(f) is now obvious.

(2) By Lemma 3.2 and (f) we know that (H N M)/Q = 2* : 3S;.

Therefore (HN M)/O23(H) =2 2% : Sg. Hence H/O2 3(H) = Aut(Mas).

4. THE ORDER OF Cg(u)
In this section the order of the centralizer C¢(uy) of the involution u; € G =
(x,y) is determined. From Proposition 3.3 we then get: H = Cg(uq).

Proposition 4.1. The group G = (x,y) has two conjugacy classes of involutions
with representatives uy, w1 € GL1333(11) having traces tr(uy) =9, tr(wy) =0 € F.

Proof. Certainly the matrices u; and w; are not conjugate in G, because they have
different traces tr(u;) = 9, tr(wy;) = 0 in F = GF(11). By Proposition 3.1 the
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following elements wy, w1, g, UsTo, 7172, and ugrire of M yield a complete set of
representatives of all six conjugacy classes of M.
Let qo = riradis1(2%y?)?, and ag = (m14)95‘”14. Then in G the following fusion
takes place:
uy ~ 1o ~ (r1r2) and wy ~ (ugrg) ~ (usrire),

5,14 6
Y’z rs(qo) _ _ 5 14t . 6 2 6
because 1 =y = (ryrg)¥ @ t2r2s2(d0)7(as) ™ (q0)"

5, .14 5,14 6,5, 14
(U4'I’(])y T T3 — wy = (Ug'f’l’l’g)y x "s2(q0)"y "3

By Theorem 2.2 (b) the index of M in G is odd. Therefore each involution i of
G has a G-conjugate i9 € M. Hence 9 is contained in one of the six conjugacy
classes of M. Since they are G-fused to u$ or w§ it follows that either i € u§ or
; el
1€ wy'.

O
Proposition 4.2. H = Cg(u1)

Proof. Let f be the number of fixed points of the permutation afforded by u; on
the 173067389 cosets of M in G. As |G : M| = 173067389 is odd, each involution ¢
of uf is contained in f > 0 different conjugates M9 of M for some g € G = (z,y).
By the proof of Proposition 4.1 the group G fuses the conjugacy classes u?, (ro)™
and (rir2)™. Furthermore, |[u}| = 71123, [r}f] = 2*.32.5.11 .23, and
|(rire)™| =25.32.7-11-23. Hence
o _ |G M|(jud| + | + [(rir2) M)
|u1 ‘ - f
173067389 - 11 -23(7+2%-32.5+26.32.7)

f
173067389 - 11 - 23 - 4759

f

Using now the computer again, we see that u; has f = 52349 fixed points. Therefore
[uf| = |G : Cg(uy)| = 112-23-29 - 31 - 37 43,

and |Cg(uy)| =221 -3%2-5-7-11 by Theorem 2.2. Now Lemma 3.2 and Proposition
3.3 assert that H = Cg(uy). O

5. THE MAIN RESULT

In this section we show that G = (z,y) is a simple group. As Cg(u1) satisfies
the hypothesis of Janko’s theorem A [11] by Propositions 3.3 and 4.2 our existence
proof for Janko’s simple group J then is complete.

Theorem 5.1. Let G = (z,y) where x,y € GL1333(11) are matrices constructed
in [12] of orders o(x) = 42 and o(y) = 10. Then G is a simple group of order

|G| =2%"-3%.5.7.11%.23.29-31-37-43
such that uy = [272(yP2)2(x21)Y ' **°|2 £ 1 is an involution of G with centralizer
H = Cg(uy) = (x7, 9%, (x1*)%, (r1)?), where a = rl(x6)94, and b=y 26
. Furthermore, with the Notation 1.1 the following assertions hold:
(a) Q@ = Ox(H) = (u1,uz,u3, ug, us, v1,v2,70,71, 72,73, d1, $1) is an extra-special
normal subgroup of H with |Q| = 2'3.
(b) The element a; = d1x%d1y**dy of order 3 generates a Sylow 3-subgroup of

02)3(H), and CQ(CLl) = Z(Q) = <u1>
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(¢) Uy = Cxlay) = (ug,vs,vs,da, s, ta,a1,as, ag, v, y%) = 6May, the sizfold
cover of the
Mathieu group Mao with center Z(Up) = (uiay) .
(d) U= Npg(a1) =Up : (t1) is a subgroup of H with U/Z(Uy) = Aut(Maz), and
center Z(U) = (uq).
(e) H=QU, and QNU = (u1) = Cg(a).
In particular, G is isomorphic to Janko’s simple group Jy.

Proof. In view of Proposition 4.2, Theorem 2.2, Lemma 3.2 and Proposition 3.3 it
remains to show that G is a simple.

Proposition 3.1 asserts that M = (x3,y, (2'4)!) = M’ where t = (2'%y5)2. Hence
23,y € M’ < G'. Furthermore, (z'*)! € M’ < G'. As G’ is normal in G we see that
2% € G'. But ged(3,14) = 1 and so (z) = (23, 2'*). Therefore G = (z,y) = G,
and G is perfect.

Let N be any normal subgroup of G. If | N| is even, then there is an involution
y # 1 in N. By Proposition 4.1 it is either conjugate to u; or to w; in G. Using
Proposition 1.3 (b) and the fusion of the conjugacy classes u!, r}, (r1ry)M of
involutions of M in G it follows that

(y“NM)y=M<N,

By Theorem 2.2 the index |G : M| is odd. Hence G/N is a solvable group by the
Feit-Thompson theorem. As G is perfect, we get N = G.

Therefore we may assume that |N| is odd. As u; and us are two commuting invo-
lutions W = (uq, ug) is a Klein four-group acting on the normal subgroup N. Using
the computer it follows that the matrix ujus € GL1333(11) has trace tr(ujug) = 9.
Since tr(ujuz) = tr(u;) Proposition 4.1 implies that all three involutions of W
belong to u$. Now the Brauer-Wielandt formula of [8], p. 198 asserts that

IN[ICn(W)? = O () .

By Lemma 3.4 Oy (H) = 1, because H = Cg(u1) by Proposition 4.2. Hence
Cn(uy) = 1. Thus N = 1. Therefore G is a simple group, and G = J; by Theorem
A of Janko [11]. O
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