Chapter 2

Diffusion under organic dynamics

In this chapter, we study diffusion processes under organic dynamics that are motivated
by information discovery in large-scale distributed networks such as peer-to-peer and
social networks. A well-studied problem in peer-to-peer networks is resource discovery,
where the goal for nodes is to discover all other nodes in the network. For example, a
node may want to know the IP addresses of all the other hosts in the network. In social
networks, nodes (people) discover new nodes through exchanging contacts with their
neighbors (friends). In both cases the discovery of new nodes changes the underlying
network — new edges are added to the network — and the process continues in the
changed network.

We study and analyze two natural gossip-based diffusion/discovery processes. In
the push discovery or triangulation process, each node repeatedly chooses two random
neighbors and connects them (i.e., “pushes” their mutual information to each other).
In the pull discovery process or the two-hop walk, each node repeatedly requests or
“pulls” a random contact from a random neighbor and connects itself to this two-hop
neighbor. Both processes are lightweight in the sense that the amortized work done per
node is constant per round, local, and naturally robust due to the inherent randomized
nature of gossip.

Our main result is an almost-tight analysis of the time taken for these two ran-
domized processes to converge. We show that in any undirected n-node graph both
processes take O(n log? n) rounds to connect every node to all other nodes with high
probability, whereas 2(nlogn) is a lower bound. We also study the two-hop walk in
directed graphs, and show that it takes O(n?logn) time with high probability, and
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2. DIFFUSION UNDER ORGANIC DYNAMICS

that the worst-case bound is tight for arbitrary directed graphs, whereas Q(n?) is a
lower bound for strongly connected directed graphs. A key technical challenge that we
overcome in our work is the analysis of a randomized process that itself results in a
constantly changing network leading to complicated dependencies in every round.

In Section 2.1 we list the notations and prove some common lemmas we will use in
the proofs. We show the upper and lower bounds of the push discovery and the pull
discovery in Section 2.2 and 2.3 respectively. Then we give the proofs of upper and
lower bound of the pull discovery in directed graph in Section 2.4. Finally, we conclude

in Section 2.5.

2.1 Preliminaries

In this section, we define the notations used in our proofs, and prove some common
lemmas for Section 2.2 and Section 2.3. Let G denote a connected graph, d(u) denote
the degree of node u, and N%(u) denote the set of nodes that are at distance i from w.
Let § denote the minimum degree of G. We note that G, d(u), and N*(u) all change
with time, and are, in fact, random variables. For any nonnegative integer ¢, we use
subscript ¢ to denote the random variable at the start of time t; for example G, refers

to the graph at the start of step ¢. For convenience, we list the notations in Table 2.1.

Table 2.1: Notation table

Notation description

0t minimum degree of graph Gy

N (u) set of nodes that are at distance ¢ from w in G¢

| N7 (u)] number of nodes in N} (u)

di (u) degree of node u in Gy

di (u, Nj (v)) | number of edges from u to nodes in Ny (v), i.e., degree induced on Nj (v)

We present two lemmas that are used in the proofs in Section 2.2 and Section 2.3.
Lemma 1 gives a lower bound on the number of neighbors within distance 4 for any node

u in Gy while Lemma 2 is a standard analysis of a sequence of Bernoulli experiments.

Lemma 1. |UL_; N/ (u)| > min {26;,n — 1} for all u in Gy.
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2.2 The triangulation: Discovery through push

Proof. If N (u) is not an empty set, consider node v € N (u). Since d; (v) > J;, we
have |UL, N (u)| > 6. | N} (u)| > 6 because d; (u) > 6. We also know N} (u) and
UL, N (u) are disjoint. Thus, |UL N/ (u)| > 26;. If NP (u) is an empty set, then
N} () UNE (u) = n—1 because Gy is connected. Thus |Uf_; N} (u)| = n— 1. Combine

the above 2 cases, we complete the proof of this lemma. ]

Lemma 2. Consider k Bernoulli experiments, in which the success probability of the
ith experiment is at least i/m where m > k. If X; denotes the number of trials needed

for experiment i to output a success and X = Zle X, then
1
Pr(X > (¢c+ 1)nlnn] < s

Proof. Since X only increases with k, with out loss of generality assume that k = m.
Now we can view this as coupon collector problem [104] where X, 1_; is the number
of steps to collect the ith coupon. Consider the probability of not obtaining the ith
coupon after (¢ 4+ 1)nlnn steps. This probability is

1 (c+)nlnn
<1 _ > < ef(chl) Inn _

n netl

By union bound, the probability that some coupon has not been collected after (¢ 4+

1)nlnn steps is less than 1/n°. And this completes the proof of this lemma. O

2.2 The triangulation: Discovery through push

In this section, we analyze the triangulation process on undirected connected graphs,
which is described by the following simple iteration: In each round, for each node wu,
we add edge (v,w) where v and w are drawn uniformly at random from N} (u). The
triangulation process yields the following push-based resource discovery protocol. In
each round, each node u introduces two random neighbors v and w to one another. The
main result of this section is that the triangulation process transforms an arbitrary con-
nected n-node graph to a complete graph in O(n log? n) rounds with high probability.
We also establish an Q(nlogn) lower bound on the triangulation process for almost all

n-node graphs.

2.2.1 Upper bound

We obtain the O(n log? n) upper bound by proving that the minimum degree of the

graph increases by a constant factor (or equals n —1) in O(nlogn) steps. Towards this
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2. DIFFUSION UNDER ORGANIC DYNAMICS

objective, we study how the neighbors of a given node connect to the two-hop neighbors
of the node. We say that a node v is weakly tied to a set of nodes S if v has less
than dp/2 edges to S (i.e., d¢ (v,5) < d0/2), and strongly tied to S if v has at least
d0/2 edges to S (i.e., di (v,S) > 60/2). Recall that g is the minimum degree at start

of round 0. Then, we have the following two lemmas.

Lemma 3. If 6y < d;(u) < (1 + 1/4)6y and w € N} (u) is strongly tied to N? (u),
then the probability that u connects to a node in N? (u) through w in round t is at least

2/(Tn).

Proof. Since w is strongly tied to NZ (u), d; (w, N7 (u)) > 80/2. Therefore, the proba-
bility that u connects to a node in N? (u) through w in round ¢ is

~di(w, NP (w) 1 o d (w, N7 (w) 1 - di (w, N? (u)) 1
dy (w) de (w) d (w) no TN (u) | 4 di (w, NE (w) n

- dy (w, NE (u)) 1 - 80/2 12

T 1+ 1400 +di (w,NF(w)) n T (1+1/4)00+00/2 n ™’

O

Lemma 4. If § < di(u) < (1 + 1/4)60, w € N (u) is weakly tied to NE (u), and
v € NZ (u) N N} (w), then the probability that u connects to v through w in round t is
at least 1/(463).

Proof. Since w is weakly tied to N7 (u), we know that d; (w) equals | N} (u) [+d; (w, NZ (u)),
which is at most (1 + 1/4)dp 4+ d9/2. Therefore, the probability that « connects to v

through w in round ¢ is

1 1 1 1
> > — > .
de () T (1 +1/4)d0 4+ 80/2)> —  (T60/4)* — 463

O

For analyzing the growth in the degree of a node u, we consider two overlapping
cases. The first case is when more than &y/4 nodes of N} (u) are strongly tied to N? (u),
and the second is when less than Jp/3 nodes of N} (u) are strongly tied to N7 (u). The
analysis for the first case is relatively straightforward: when several neighbors of a node
u are strongly tied to u’s two-hop neighbors, then their triangulation steps connect u

to a large fraction of these two-hop neighbors.
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2.2 The triangulation: Discovery through push

Minimum degree of
the graph increases
by a constant factor
in O(n log n) rounds.

The triangulation
process completes in
O(n log?n) rounds.

Lemma 22: When all neighbors are Lemma 21: When many neighbors are
weakly tied to two-hop neighbors. weakly tied to two-hop neighbors. But there
exists one strongly tied to two-hop neighbors.

Lemma 20: When several neighbors
are strongly tied to two-hop neighbors.

Figure 2.1: This figure illustrates the different cases and relations between lemmas used
in the proof of Theorem 8. The shaded nodes in N} (u) are strongly tied to N? (u). Others
are weakly tied to NZ (u).

Lemma 5 (When several neighbors are strongly tied to two-hop neighbors).
There exists T = O(nlogn) such that if more than do/4 nodes in N} (u) are strongly
tied to N2 (u) for all t < T, then dr (u) > (14 1/4)8¢ with probability at least 1 —1/n?.

Proof. If at any round ¢ < T, d; (u) > (1 + 1/4) &y, then the claim of the lemma holds.
In the remainder of this proof, we assume d; (u) < (1+1/4) 9 for all t < T. Let
w € N} (u) be a node that is strongly tied to N? (u). By Lemma 3 we know that
2 1
Pr [u connects to a node in Nt2 (u) through w in round t] > 7— > o
n n
We have more than &y/4 such w’s in N} (u), each of which independently executes a
triangulation step in any given round. Consider a run of 77 = 72n1nn/J§y rounds. This

implies at least 18n1lnn attempts to add an edge between u and a node in N? (u).
Thus,

Pr [u connects to a node in N7 (u) after Tj rounds]

1 18nlnn
(1)
6n
1
—3lnn __
> 1-¢ =1- .
Therefore, in T' = T16p/4 = O(nlogn) rounds, u will connect to at least dp/4 new
nodes with probability at least 1 — 1/n2, i.e., dp (u) > (14 1/4) &. O

We next consider the second case where less than dp/3 neighbors of a given node u

are strongly tied to the two-hop neighborhood of u. This case is more challenging since
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2. DIFFUSION UNDER ORGANIC DYNAMICS

the neighbors of u that are weakly tied may not contribute many new edges to u. We
break the analysis of this part into two subcases based on whether there is at least one
neighbor of u that is strongly tied to Ng (u). Figure 2.1 illustrates the different cases

and lemmas used in the proof of Theorem 8.

Lemma 6 (When few neighbors are strongly tied to two-hop neighbors).
There exists T = O(nlogn) such that if less than Jo/3 nodes in N} (u) are strongly
tied to NE (u) for allt < T, and there exists a node vg € N (u) that is strongly tied to
Ng (u), then dr (u) > (1 +1/8) 8o with probability at least 1 — 1/n?.

Proof. If at any point t < T, dr (u) > (14 1/8) dg, then the claim of the lemma holds.
In the remainder of this proof, we assume dr (u) < (1+1/8)dp for all t < T. Let S}
denote the set of vg’s neighbors in N2 (u) which are strongly tied to N/ (u) at time t,
WY denote the set of vy’s neighbors in N? (u) which are weakly tied to N} (u) at time
t.

Consider any node v in SP. Less than /3 nodes in N} (u) are strongly tied to
NZ (u), thus more than &y/2 — §/3 = Jp/6 neighbors of v in N} (u) are weakly tied
to N? (u). Let w be one such weakly tied node. By Lemma 4, the probability that u
connects to v through w in round ¢ is at least 1/(493). We have at least dp/6 such w’s,
each of which executes a triangulation step each round. Consider T' = 724y Inn rounds

of the process. Then the probability that v connects to v in T rounds is at least
2
1 126g Inn 1
1(1) >1—e3hn=1_—.

462 n3

Thus, if [S?| > &0/8, in an additional O(nlogn) time, dr (u) > (1 + 1/8)dy with
probability at least 1 — 1/n?.

Therefore, in the remainder of the proof we consider the case where |S?| < do/8.
Define R) = RY ; UW}, R} = W{. If at least dp/8 nodes in RY are connected to u at
any time, then the claim of the lemma holds. Thus, in the following we consider the
case where |RY N N} (u) | < 80/8. From the definition of RY, we can derive

|RY| = (WP = di (vo, N7 () = || = dy (vo, N7 (u)) — d0/8

At time 0, v is strongly tied to N§ (u), i.e., do (vo, N (u)) > 80/2. Since 6o < dt (u) <
(1+1/8)do, we have

dy (vo, N7 (w)) > dy (vo, NG (u)) — 80/8 > 380/8
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2.2 The triangulation: Discovery through push

Let €1 denote the event {u connects to a node in R} \ N} (u) through vg in round ¢}.

b - EAN@I 1 RIS IRON @]
dt (1)0) dt (1)0) dt ('Uo) dt (Uo)
RI-IRAN | 1 B RAN ()] 1
= dy (vo) n ‘Ntl (u)| + dy (v, N7 (u)) n
|R,9‘—50/8 l N dy (vo,Ng(u))—50/8—§o/8.l
- |Nt1 (u)‘ + d; (vo,Nt2 (u)) n ’Ntl (u)| + d; (vo, N} (u)) n
300/8 —d0/8—00/8 1 _ 30/S—d0/8—0/8 1 _ 1
— N ()| +360/8 o T (1+1/8)0+36/8 n  12n

Let X; be the number of rounds it takes for e; to occur. When eq occurs, let vq
denote a witness for e;. We know w7 is in Wg for some t1, i.e., v is strongly tied to
NZ (w)NN} (w). If dy (v1, N? (u)) < 380/8 at any point, then d; (u) > (141/8)dy. Thus,
in the remainder of the proof, we consider the case where d; (v, N? (u)) > 300/8. Let
S} (resp., W) denote the set of v;’s neighbors in N? (u) that are strongly tied (resp.,
weakly tied) to N} (u). If |S}| > &0/8, then as we did for the case |SP| > &y/8, we
argue that in O(nlogn) rounds, the degree of u is at least (14 1/8)dp with probability
at least 1 — 1/n?.

Thus, in the remainder, we assume that |S}| < 8o/8. Define Rf = Rf_ UW}, R}, =
W Let es denote the event {u connects to a node in Ry \ N} (u) (or R} \ N} (u)) through vg(or v;)
By the same calculation as for vy, we have Prles] > 1/6n. Similarly, we can define
e3, X3, 4, X4, ..., €5,/4, X5,/1, and obtain that Pr[e;] > i/(12n). The total number of
rounds for u to gain dy/4 edges is bounded by T'= >, X;. By Lemma 2, T' < 36nlnn
with probability at least 1 — 1/n2, completing the proof of this lemma. ]

Lemma 7 (When all neighbors are weakly tied to two-hop neighbors). There
ezists T = O(nlogn) such that if all nodes in N} (u) are weakly tied to N? (u) for all
t < T, then dy (u) > min {(1 + 1/8)dp,n — 1} with probability at least 1 — 1/n>.

Proof. If at any point ¢ < T, d; (u) > min {(1 + 1/8)dp,n — 1}, then the claim of this
lemma holds. In the remainder of this proof, we assume d; (v) < min {(1 4+ 1/8)dp,n — 1}
for all t < T. In the following, we first show, any node v € NZ (u) will have at least
do/4 edges to Nj, (u), where Ty = O(nlogn). After that, v will connect to u in
T = O(nlogn) rounds. Therefore, the total number of rounds used for v to connect
towis Tz =T1 + 1o = O(nlogn).

Node v at least connects to one node in N} (u). Call it w;. Because all nodes
in N} (u) are weakly tied to N7 (u), we have d; (w1, N} (u)) > 69 — 00/2 = 6o/2. 1f
di (w1, N} (u) \ N} (v)) < 0o/4, then v already has d/4 edges to N} (u). Thus, in the
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2. DIFFUSION UNDER ORGANIC DYNAMICS

following we consider the case where d; (w1, N (u) \ N} (v)) > do/4. Let e; denote the
event {v connects to a node in N} (u) \ N} (v) through w; }.

di (w1, N () \ N} (v)) 1 . (wi, N} () \ N} (v)) 1
di (w1) de(wi) = |NE(u)] + dp (wi, N2 (u)  de (wr)
5o /4 1 1 1

2
. > 2. —
I+1/8)00+00/2 di(wr) — 138 n ~ 7T

Pr [eq]

Let X7 be the number of rounds needed for e; to occur. When e occurs, let wy denote
a witness for e1. Notice ws is also weakly tied to N? (u). By similar argument, we have
dy (w2, N{ (u) \ N} (v)) > 8o/4. Let e denote the event {v connects to a node in N} (u) through wy or ws}.
We have Pr[es] > 2/(7n). Let X5 be the number of rounds needed for e3 to occur. Sim-
ilarly, we can define e3, X3, ..., es,/4, X5,/4 and show Pr[e;] > i/(7Tn). Set Ty = >, X;,
which is the bound on the number of rounds needed for v to have at least dp/4 neighbors
in N} (u). By Lemma 2, we know T5 < 28nInn with probability at least 1—1/n3. Now
we show v will connect to uw in 75 time after this. Notice that, all w;’s are still weakly
tied to Nt2 (u). By Lemma 4, the probability that « connects to v through w; in round
t is at least 1/(403). We have wy,ws, ..., ws, /4 independently executing a triangulation

step each round. Consider Th = 489 In n rounds of the process. Then,

1\ 126 nn 1
Pr [u connects to v in Ty rounds] > 1 — <1 — 452> >1— 3
0

Combine the two steps. We have shown for any node v € Ng (u), it will connect to u
in time Ty = T + T> with probability at least 1 — 1/n3. This implies in time T3, u will
connect to all nodes in N (u) with probability at least 1—|Ng (u)| /n3. Then, N§ (u) C
N%a (u), N (u) C N%g (u) U N72“3 (u), N§ (u) C N:,L3 (u) U N%3 (u) U N%g (u). Now we
apply the above analysis twice, and obtain that in time 7 = 373 = O(nlogn), N (u)U
Ng (u) UNG (u) € N} (u) with probability at least 1 — ‘NO2 (u) U NS (u) U N (u)‘ /n® >
1 —1/n?. By Lemma 1, we know ‘Ng (u) U NG (u) U N (u)’ > min {20p,n — 1}. Thus,
we complete the proof of this lemma. O

Theorem 8 (Upper bound for triangulation process). For any connected undi-
rected graph, the triangulation process converges to a complete graph in O(nlog®n)

rounds with high probability.

Proof. We first show that in O(nlogn) rounds, either the graph becomes complete or
the minimum degree of the graph increases by a factor of at least 1/12. Then we apply

this argument O(logn) times to complete the proof of this theorem.
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2.2 The triangulation: Discovery through push

For each u where dy (u) < min{(14 1/8)dp,n — 1}, we consider the following 2
cases. The first case is if more than dp/3 nodes in Nj (u) are strongly tied to NZ (u).
By Lemma 5, there exists T = O(nlogn) such that if at least dp/4 nodes in N} (u) are
strongly tied to N? (u) for t < T, then dr (u) > (1 + 1/8)dp with probability at least
1 — 1/n?. Whenever the condition is not satisfied, i.e., less than Jp/4 nodes in N} (u)
are strongly tied to N? (u), it means more than 6y/3 — /4 = &y/12 strongly tied nodes
became weakly tied. By the definitions of strongly tied and weakly tied, this implies
dr (u) > (1+1/12)d.

The second case is if less than &p/3 nodes in Ng (u) are strongly tied to NZ (u).
By Lemmas 6 and 7, we know that there exists T = O(nlogn) such that if we remain
in this case for T rounds, then dp (u) > min {(1 4 1/8)dp,n — 1} with probability at
least 1 — 1/n%. Whenever the condition is not satisfied, i.e., more than &y/3 nodes
in N} (u) are strongly tied to N7 (u), we move to the analysis in the first case, and
dr (u) > (14 1/8)8 in T = O(nlogn) time with probability at least 1 — 1/n2.

Combining the above 2 cases and applying a union bound, we obtain d7 > min {(1 + 1/8)dg,n — 1}
in T = O(nlogn) rounds with probability at least 1 — 1/n. We now apply the above
argument O(logn) times to obtain the desired O(nlog?n) upper bound. O

2.2.2 Lower bound

Theorem 9 (Lower bound for triangulation process). For any connected undi-
rected graph G that has k > 1 edges less than the complete graph the triangulation
process takes Q(nlogk) steps to complete with probability at least 1 — O (e‘k1/4).

Proof. We first observe that during the triangulation process there is a time t when
the number of missing edges is at least m = O(vk) and the minimum degree is at least
n/3. Itk < %n then this is true initially and for larger k this is true at the first time
t the minimum degree is large enough. The second case follows since the degree of a
node (and thus also the minimum degree) can at most double in each step guaranteeing
that the minimum degree is not larger than %n at time t also implying that at least
2 = Q(Vk) edges are still missing.

Given the bound on the minimum degree any missing edge {u, v} is added by a fixed
node w with probability at most %. Since there are at most n — 2 such nodes the
probability that a missing edge gets added is at most %. To analyze the time needed
for all missing edges to be added we denote with X; the random variable counting the
number of steps needed until the ith of the m missing edges is added. We would like to

analyze Pr[X; < T,Xs <T,...,X,, <T] for an appropriately chosen number of steps
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2. DIFFUSION UNDER ORGANIC DYNAMICS

T'. Note that the events X; < T and X; < T are not independent and indeed can be
positively or negatively correlated. Nevertheless, independent of the conditioning onto

any of the events X; < T, we have that Pr[X; <T]<1—(1— )T <1- \/% for an

appropriately chosen T' = Q(nlogm), where m is again the number of missing edges at
time ¢. Thus,
PriXys <T,Xo<T,...,X, <T]=

=Pr[Xy <T| X <T,..., X <T|-Pr[Xo <T|Xs,...,Xpn <T]-...-Pr[Xp <T]

1 m
() o) - ofe
This shows that the triangulation process takes with probability at least 1—O (e’km)
at least Q(nlogm) = O(nlogk) steps to complete. O

2.3 The two-hop walk: Discovery through pull

In this section, we analyze the two-hop walk process on undirected connected graphs,
which is described by the following simple iteration: In each round, for each node u, we
add edge (u,w) where w is drawn uniformly at random from N} (v), where v is drawn
uniformly at random from N} (u). The two-hop walk yields the following pull-based
resource discovery protocol. In each round, each node u contacts a random neighbor v,
receives the identity of a random neighbor w of v, and sends its identity to w. The main
result of this section is that the two-hop walk process transforms an arbitrary connected
n-node graph to a complete graph in O(nlog? n) rounds with high probability. We also

establish an Q(nlogn) lower bound on the two-hop walk for almost all n-node graphs.

2.3.1 Upper bound

As for the triangulation process, we establish the O(n log? n) upper bound by showing
that the minimum degree of the graph increases by a constant factor (or equals n — 1)
in O(nlogn) rounds with high probability. For analyzing the growth in the degree
of a node u, we consider two overlapping cases. The first case is when the two-hop
neighborhood of w is not too large, i.e., N2 (u)| < &0/2, and the second is when the
two-hop neighborhood of u is not too small, i.e., [N? (u)| > dp/4. As in the analysis
of the triangulation process, we also use the notions of strongly and weakly tied based

on how many edges connect a node to a given set; it is more convenient to work with
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2.3 The two-hop walk: Discovery through pull

a different threshold. We say that a node v is weakly tied to a set of nodes S if v has
less than dp/4 edges to S (i.e. dt (v,5) < do/4), and strongly tied to S if v has at
least do/4 edges to S (i.e. di (v,S) > do/4).

Lemma 10 (When the two-hop neighborhood is not too large). There exists
T = O(nlogn) such that either [N (u)| > 60/2 or dp (u) > min{20p,n — 1} with
probability at least 1 — 1/n?.

Proof. By the definition of g, do (w) > dp for all w in N} (u). Let X be the first round
at which [N% (u) | > §0/2. We consider two cases. If X is at most cnlogn for a constant
¢ to be specified later, then the claim of the lemma holds. In the remainder of this
proof we consider the case where X is greater than cnlogn; thus, for 0 <t < cnlogn,
IN? ()| < 60/2.

Consider any node w in N (u). Since do (w) > &p and |N? (u) | < 8o/2, w has at
least 89/2 edges to nodes in N§ (u). Fix a node v in N (u). In the following, we first
show that in O(nlogn) rounds, v is strongly tied to the neighbors of u with probability
at least 1—1/n3. Let T} denote the first round at which v has is strongly tied to N%l (u),
i.e., when |N}1 (v) N N}l (u)]| > do/4. We know that v has at least one neighbor, say
wiy, in N§ (u). Consider any ¢t < Tj. Since v is weakly tied to Nj (u) at time ¢, w;
has at least dp/4 neighbors in Ng (u) which do not have an edge to v at time ¢. This
implies
1

4n

S
]

Pr [U connects to a node in NO1 (u) through w; in round t] >

Let e; denote the event {v connects to a node in N} (u)}, and X; be the number
of rounds for e; to occur. When e; occurs, let wo denote a witness for e;. We note
that wy, wy € Ny (u) € Nk, (u). If v is weakly tied to N (u), both w; and wy have
at least do/4 neighbors in N} (u) that do not have an edge to v yet. Let ey denote
the event {v connects to a node in Ny, (u)}, and X» be the number of rounds for e;
to occur. Then Prles] = 2Pr(ei] > 1/2n. Similarly, we define e3, X3, ..., €5, /4, X50/4
and obtain Pr[e;] > i/(4n). We now apply Lemma 2 to obtain that X1+ Xa+... X5, /4
is at most 16nInn with probability at least 1 — 1/n3. Thus, with probability at least
1 —|Ng (u)|/n3, Ty < 16nlnn. After Ty rounds, we obtain that for any v € NZ (u),

dofd 11

Pr[u connects to v in a single round] > —.
200 n  8n

which implies that with probability at least 1 — 1/n3, u has an edge to every node in
Ng (u) in another Ty < 24nInn rounds.
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2. DIFFUSION UNDER ORGANIC DYNAMICS

Let T3 equal T + T»; we set ¢ to be at least 1201n 2 so that X > 3T3. We thus have
N2 (u) € N}, (), N§ () € N, (w)UNZ, (u), and N (u) C N}, (u)UNZ, () UNE, (w).
We now repeat the above analysis again twice and obtain that at time T' = 373, N& (u)U
Ng (u)UNG (u) € N} (u) with probability at least 1 —|Ng (u) U Ng (u) UN§ (u)| /n® >
1—1/n? By Lemma 1, we have | N} (u)| > min {28y, n — 1}, thus completing the proof

of the lemma. O

Lemma 11 (When the two-hop neighborhood is not too small). There ez-
ists T = O(nlogn) such that either |NZ (u)| is less than 6o/4 or dr (u) is at least
min {(1+ 1/8)d,n — 1}, with probability at least 1 — 1/n?.

Proof. Let X be the first round at which N% (u) < dp/4. We consider two cases. If X
is at most cnlogn for a constant ¢ to be specified later, then the claim of the lemma
holds. In the remainder of this proof we consider the case where X is greater than
cnlogn; thus, for 0 < t < enlogn, N7 (u)| > 6p/4. If v € N§ (u) is strongly tied to
Ng (u), then

dy (v, NG (u))

1 2
|Nt1 (U)’ n

/4 1_ 2
(1+1/8)60 n  9n

Pr[u connects to v in a single round] > >

Thus, in T = 13.5nInn rounds, u will add an edge to v with probability at least
1 — 1/n3. If there are at least §y/8 nodes in Ng (u) that are strongly tied to Ng (u),
then u will add edges to all these nodes in T rounds with probability at least 1 —1/n?.

In the remainder of this proof, we focus on the case where the number of nodes in
Ng (u) that are strongly tied to Ng (u) at the start of round 0 is less than &y/8. In
this case, because ‘Ntz (u)| > b0/4, more than 6y/8 nodes in N§ (u) are weakly tied to
Ng (u), and, thus, have at least 3dp/4 edges to nodes in NZ (u) U N§ (u).

In the following we show u will connect to dp/8 nodes in O(nlogn) rounds with
probability at least 1 —1/n%. For any round ¢, let W; denote the set of nodes in N7? (u)
that are weakly tied to N} (u). We refer to a length-2 path from u to a node two hops
away as an out-path. Let Py denote the set of out-paths to Wy. Since we have at least
80/8 nodes in N (u) that are weakly tied to N (u), | Pyl is at least 5o/8 at time ¢ = 0.
Define e; = {u picks an out-path in Py and connects to node v; in Ng (u)}, and X to
be the number of rounds for e; to occur. When 0 < ¢t < X7, for each w; € Ntl (u), let
fi be the number of edges from w; to nodes in N} (u) U N? (u), and p; be the number
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2.3 The two-hop walk: Discovery through pull

of edges from w; to nodes in N (u) that are weakly tied to Ng (u).

_ 1 pi 1 Di _ >oiDPi
Prle] = ;dt(u)'ﬁ = zi:dt(u).n—l T (1+1/8)d(n—1)

S| do/8 s 1
(1+1/8)%(n—1) = (A+1/8)%(mn—1) ~— 9n

After X rounds, u will pick an out-path in Py and connect such a v;. Define P; to
be a set of out-paths from u to Wx,. We now place a lower bound on |P; \ Pyl|. Since
v € N§ (u) is added to Ny, (u), those out-paths in Py consisting of edges from v; to
nodes in N} (u) are not in P;. The number of out-paths we lose because of this is at
most &p/4. But vy also has at least 350/4 edges to NZ (u) U N§ (u). The end points
of these edges are in Ny (u) U N (u). If more than d/8 of them are in N} (u),
then dx, (u) > (14 1/8)dp. Now let’s consider the case that less than dy/8 such end
points are in N )1(] (u). This means the number of edges from v; to ]\7)2(1 (u) is at least
350/4 — 0/4 — 00/8 = 3dp/8. Among the end points of these edges, if more than
do/8 of them are strongly tied to N )1(1 (u), then the degree of u will become at least
(1 +1/8)dp in O(nlogn) rounds with probability 1 — 1/n? by our earlier argument.
If not, we know that more than §y/4 newly added edges are pointing to nodes that
are weakly tied to ]\7)1(1 (u). Thus, |P;\ Po| is by at least do/4. |S| > 2 /8. Define
es = {u picks an out-path in P; and connects to node vo}, and Xs to be the number
of rounds for ey to occur. During time X <t < Xy, Prleg] is at least 2- 9%1. Similarly,
we define e3, X3, ..., e5,/8, X5,/8 and derive Pr[e;] > i/(9n). By Lemma 2, the number
of rounds for d; (u) > (14 1/8)dp is bounded by

T=X1+Xo+ 4+ X58 < (2+1)9nlnn = 27nInn
with probability at least 1 — 1/n2, completing the proof of this lemma. ]

Theorem 12 (Upper bound for two-hop walk process). For connected undirected

graphs, the two-hop walk process completes in O(n log? n) rounds with high probability.

Proof. We first show that in time T = O(nlogn) time, the minimum degree of the
graph increases by a factor of 1/8, i.e., o7 > min{(1+ 1/8)dp,n — 1}. Then we can
apply this argument O(logn) times, and thus, complete the proof of this theorem.

For each u where dgy (u) < min {(1+ 1/8)dg,n — 1}, we analyze by the following 2
cases. First, if [NZ (u) | > d0/2, by Lemma 11 we know as long as |N? (u) | > &y/4 for all
t >0, dr (u) > min {(1 + 1/8)8y,n — 1} with probability 1—1/n? where T = O(nlogn).
Whenever the condition is not satisfied, we know at least dp/4 nodes in NZ (u) has been
moved to N} (u), which means dp (u) > min {(1 + 1/4)dp,n — 1}.
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2. DIFFUSION UNDER ORGANIC DYNAMICS

Second, if |[Ng (u) | < 80/2, by Lemma 10 we know as long as |[N? (u) | < §o/2 for all
t >0, dr (u) > min{(1+ 1/8)d,n — 1} with probability 1—1/n? where T' = O(nlogn).
Whenever the condition is not satisfied, we are back to the analysis in the first case, and
the minimum degree will become min {(1 + 1/8)dy,n — 1} with probability 1 — 1/n2.

Combine the above 2 cases, since we at most have n nodes whose degree is be-
tween dp and min {(1 + 1/8)dp,n — 1}, the minimum degree of G will become at least
min {(1 4+ 1/8)dp,n — 1} in O(nlogn) rounds with probability 1 — 1/n.

Now we can apply the above argument O(logn) times, and have shown the two-hop

walk process completes in O(nlog?n) with high probability. O

2.3.2 Lower bound

Theorem 13 (Lower bound for two-hop walk process). For any connected undi-
rected graph G that has k > 1 edges less than the complete graph the two-hop process
takes Q(nlogk) steps to complete with probability at least 1 — O (e‘k1/4).

The proof of Theorem 13 is essentially the same as Theorem 9, and is omitted here.

2.4 Two-hop walk in directed graphs

In this section, we analyze the two-hop walk process in directed graphs. We say that
the process terminates at time ¢ if for every node u and every node v, G; contains the

edge (u,v) whenever u has a path to v in Gp.

Theorem 14. On any n-node directed graph, the two-hop walk terminates in O(n?logn)
rounds with high probability. Furthermore, there exists a (weakly connected) directed

graph for which the process takes Q(n*logn) rounds to terminate.

Proof. Consider any pair of nodes, v and v. Consider a shortest path from u to v
(vo, v1,V2, ..., Um), where vg = u, v, = v and m < n. Fix a time step ¢t. Let ¢; denote
the event an edge is added from v; to v;42 in step t. The probability of occurrence of

e; is Pr[e;] > 1/n?. All the e;’s are independent from one another.

PriUei] > Y Prle] =) Prleine
i i
= Z Pre;] — Z Z Pre;] Pre;]

1
z moy—mm =175
> m
>
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2.4 Two-hop walk in directed graphs

Let X denote the number of steps it takes for the length of the above path to decrease
by 1. It is clear that E[X;] < n?/m. In general, let X; denote the number of steps it
takes for the length of the above path to decrease by i. By Lemma 2, the number of
steps it takes for the above path to shrink to an edge is at most 4n? In n with probability
1/n3. Taking a union bound over all the edges yields the desired upper bound.

For the lower bound, consider a graph G¢ with the node set {1,2,...,n} and the
edge set

{(3i,5), (3i+1,5) : 0 <i < n/4,3n/4 < j < n} | J{(3i,3i+1), (3i+1,3i+2) : 0 < i < n/4}.

The only edges that need to be added by the two-hop process are the edges (3, 3i + 2)
for 0 < ¢ < n/4. The probability that node 3i adds the edge (37,3i + 2) in any round
is at most 16/n?. The probability that edge (3i,3i + 2) is not added in (n?Inn)/32
rounds is at least 1/4/n. Since the events associated with adding each of these edges
are independent, the probability that all the n/3 edges are added in (n?Inn)/32 rounds
is at most (1 — 1/y/n)"/3 < e=V/3_ completing the lower bound proof. O

The lower bound in the above theorem takes advantage of the fact that the initial
graph is not strongly connected. Extending the above analysis for strongly connected
graphs appears to be much more difficult since the events corresponding to the addition
of new edges interact in significant ways. We present an Q(n?) lower bound for a
strongly connected graph by a careful analysis that tracks the event probabilities with

time and takes dependencies into account.

Theorem 15. There exists a strongly connected directed graph Gy for which the ex-

pected number of rounds taken by the two-hop process is Q(nQ)

Proof. The graph Gy = (V, E) is depicted in Figure 2.2 and formally defined as Gy =
(V, E) where V = {1,2,...,n} with n being even, and

E={(i,7):1<i,j<n/2}U{(i,i+1):n/2<i<n}U{(i,5):i>7ji>n/2ij€EV}.

We first establish an upper bound on the probability that edge (i,7 4+ h) is added by
the start of round ¢, for given 4, 1 <4 < n — h. Let pj,; denote this probability. The
following base cases are immediate: pp is 1 for A = 1 and h < 0, and 0 otherwise.
Next, the edge (4,7 + h) is in Gy41 if and only if (4,7 + h) is either in Gy_; or added in
round ¢. In the latter case, (i,7 + h) is added by a two-hop walk i — i+ k — i + h,
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2. DIFFUSION UNDER ORGANIC DYNAMICS

Figure 2.2: Lower bound example for two-hop walk process in directed graphs

where —i < k < n —1i. Since the out-degree of every node is at least n/2, for any k the

probability that i takes such a walk is at most 4/n?.

n—i
Phit1 < Dhtt e} Z Dk,tDh—kt
k>—i
4 i—1 h—1 n—i
= — _ 2.1
Dht + ) < Dh+k,t + Zpk,tph kt T Z pm) (2.1)
k=1 k=1 k=h+1
We show by induction on ¢ that
ot h—1
Pht < (2> , for all t < en? (2.2)
n

where o and € are positive constants that are specified later.
The induction base is immediate. For the induction step, we use the induction

hypothesis for ¢ and Equation 2.1 and bound py, 11 as follows.

h—1 i-1 htk—1  h=1 k—1 h—k—1 n—i k-1
at 4 at at at at
Phi+1 < (TL2) + ) < (712) + E (Tﬂ) <n2) + E <n2) )
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(@) 0 (3 3 %)
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~
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(In the second inequality, we combine the first and third summations and bound them

by their infinite sums. In the third inequality, we use ¢ < en?. For the fourth inequality,
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2.4 Two-hop walk in directed graphs

we set « sufficiently large so that a > 4 +4/(1 — ae). The final inequality follows from
Taylor series expansion.)

For an integer z, let Cy denote the cut ({u:u <z}, {v,v > z}). We say that a cut
C, is untouched at the start of round ¢ if the only edge in Gy crossing the cut C, is
the edge (z,x + 1); otherwise, we say C, is touched. Let X denote the smallest integer
such that Cx is untouched. We note that X is a random variable that also varies with
time. Initially, X = n/2.

We divide the analysis into several phases, numbered from 0. A phase ends when
X changes. Let X; denote the value of X at the start of phase ¢; thus Xy = n/2.
Let T; denote the number of rounds in phase 7. A new edge is added to the cut C;
only if either X; selects edge (X;, X; + 1) as its first hop or a node u < X; selects
u — X; — X; + 1. Since the degree of every node is at least n/2, the probability
that a new edge is added to the cut C; is at most 2/n + n(4/n?) = 6/n, implying that
E[T;] > n/6.

We now place a bound on X;;;. Fix a round ¢ < en?, and let E, denote the event
that C} is touched by round t. We first place an upper bound on the probability of E,

for arbitrary = using Equation 2.2.

at\"' at(4 — 3(at)/n? + (at)?/n
Pl SZh( ) : : n2((1 t)/(at)J;;)g) / )7

for t < en?, where we use the inequality D k2 h26h = §(4 — 35 + 6%)/(1 — §)3 for
0 < d < 1. We set ¢ sufficiently small so that (4 — 3¢ 4 €2)/(1 — €)® < 5, implying that
the above probability is at most 5e.

If E, were independent from E, for x # y, then we can invoke a straightforward
analysis using a geometric probability distribution to argue that F[X;y; — X;] is at
most 1/(1 — 5¢) = O(1). The preceding independence does not hold, however; in fact,
for y > z, Pr[E, mod E;] > Pr[E,]. We show that the impact of this correlation is
very small when x and y are sufficiently far apart. We consider a sequence of cuts
Cy1,Coyy .., Cyy,y ... where 2o = X;+2 and xp = x¢_1 + ¢/, for a constant ¢ chosen suf-
ficiently large. We bound the conditional probability of £, given E. NE, By

Te—1 -2 "
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as follows.
Pr[Ey, By, , N Eyy 5 By
. PrEy;, NEy, N Ey, - By
a PI[EMA N EwZ—Q e Eﬂcl]
< Pr[E$Z—1 n Emzfz e Eﬂn N (sz N (096571 U---u Cﬂﬁl) - @)} +
N Pr[Equ n Eéwfz e Ew1]
Pr[Exé—l N Eﬁw.fz U Exl n (sz n (C‘WA U---u Cﬁm) 7& (Z))
Pr[Ey, N Eg, - Ey]
< PrlE;, ,NEy, , - Ey ] Prlanew edge is added from (z,—1 + 1,z¢) to (z¢ + 1,n]]
N Pr[Ew—l N El’z-2 e Ezl]
Prfan edge spanning at least ¢ hops is added across Cy,]
Pr[Ey, N Ey - By
((at)/n®)t
= DB ey
< Be + € = Ge,

where we set c¢ sufficiently large in the last step. Since X;;; is at most the smallest

such that Cy, is untouched, we obtain that
E[Xiy1 — Xi] <24 (6e)ct? = O(1).
>2

We thus obtain that after €'n phases, E[X] is O(n), where €’ is chosen sufficiently small
so that n — E[X] is Q(n). Since the expected length of each phase is at least n/6, it
follows that the expected number of rounds it takes for the two-hop process to complete
is Q(n?) rounds.

O

2.5 Conclusion

We have analyzed two natural gossip-based discovery processes in networks and showed
almost-tight bounds on their convergence in arbitrary networks. Our processes are mo-
tivated by the resource discovery problem in distributed networks as well as by the
evolution of social networks. We would like to study variants of the processes that take
into account failures associated with forming connections, the joining and leaving of
nodes, or having only only a subset of nodes to participate in forming connections. We
believe our techniques can be extended to analyze such situations as well. From a tech-

nical standpoint, the main problem left open by our work is to resolve the logarithmic
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factor gap between the upper and lower bounds. It is not hard to show that from the
perspective of increasing the minimum degree by a constant factor, our analysis is tight
up to constant factors. It is conceivable, however, that a sharper upper bound can be

obtained by an alternative analysis that uses a “smoother” measure of progress.
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