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PROOF ‘oj TNDLCTION rea‘uiriv\3 more than ove Lase case ow\:l

re,\j'mg on Wwofe “'\Aam owne 5\MA“Q(' ;'\S“l'aV\ce.

FiLovmcc'\ V\UW\LQ\'S : Fo 7-\ F‘ 3‘
¥:V\ = ‘Fv\-| +Fv\-—'2. '?o‘r n>2

/\/\/\/\N\.—W
Prove.= -eor all w, Fm < l.?u

Base cases - =| g< n=2 ) 4r'wia“3 ‘(‘vuo.
n-I{

\'\bpojr\nesfs= Dov vn2 assome Faoy 417

oA A

FV\ £ |.7m-(+ |.7V\-2 L’j C‘»eei\ni'hon OMCI SULS"""I'U'ho“



PROOF ‘oj TNDLCTION rec‘uiriv\3 more than ove Lase case ow\:J

re,\j'mg on Wwofe “'\Aam owne S\MA“Q(' ;'\S“l'a\f\ce.

FiLovmcc'\ V\UW\LQ\'S : Fo 7-\ F‘ =
¥:V\ = ‘Fv\-| +Fv\-—'2. '?o‘r n>2

n

PfO\IQ‘ -eor all w, Fm < |.9

Base cases - =| g< n=2 ) 4r'wia“3 ‘(‘vue

n-I( n-2

\’\‘3?04'\!\25;5 ‘ 'Qov w2l assuwme FV\-I £ 1.1 FV\-?_ < 1.7

(PN L S (K ) PRI



PROOF ‘oj TNDLCTION rec‘uiriv\3 more than ove Lase case ow\a\

re,\j'mg on Wwofe —\'\V\GV\ owne S\MA“Q(' ;'\S“l'aV\ce.

FiLovmcc'\ vu)w\\Lefs : Fo 7-\ F‘ =
¥:V\ = :Fv\-| +Fv\-—'2. '?o‘r n>2

n

PfO\IQ‘ -eor all w, Fm < |.9

Base cases - =| g< n=2 ) 4r'wia“3 ‘(‘vue

n-I( n-2

\'\bpo‘l’\nes;s . Ror nn2 assome Faoy 417 Fo, < 1.7

n-| n-2

Fv\ £ L4+ I.?V‘-?‘ = (1.3+1)- 1,:;:“‘24 (2-1.7) - 1.7



PROOF 'o:j TNDLCTION Tea\oiriv\s moce than ove loase case ow\:l

're,\jmﬂ on wofe ’\'\r\am owne S\MA“Q(‘ ;V\S‘(‘aV\ce.

FiLovac't V\UW\\Lefs : Fo = | F‘ =
¥:V\ = :Fv\-| +Fv\-—'2. '()o'(‘ n>2

n

vae‘ -eor all w, Fm < |4

Base cases : n=| 2< wn=2 ) 4r'wia“3 ‘(‘rue.

n-I( n-2

\'\‘3?0‘(’\025;5 . Ror wn2 assome R Fog < 1.7

Fv\ £ I.?m-' + l.?n-z = (l,?+|) . \_:;1"‘24 (2-1.%) - l.?v‘-z = (7%



P(‘O\IQ, 54'a.-l'emev\'(' S(V\)i FA 1< evenn |\FF FVH—S Is evewn



P(‘O\IQ, S‘I'a.'l'emew(’ S(V\)‘- F\-n 1s even |FF FV\..|_3 Is evewn 0

, I
) (n=o) : Fo X F3 are LoJrL\ evewn : 0O % L /(
BQSC coses s L (V\=I) . F‘ 3 F4_ ore Lo'u'\ OJJ . | % 3 LZ




P(‘O\IQ, S‘I'a.'l'emew(' S(V\)‘- F\-n 1< evenn |FF FV\..|.3 Is evewn

,
—< (V)-'—'O) : Fo X F3 ave L0+L\ evewn O % 2
Base cases : L’(\,\=|) : F % F4_ are LAL\ odd : | & 3

ASSUMC S(\""') aV\J S(V\-2—> are +rue,




P(‘O\IQ, ‘I'a-'l' wmew n) - ‘

STate :+ Sw): F\-n s evewn |FF FV\+3 Is evew

Base cases 4 ("-_°> + Fo X Fy ace Loth even = 0 % 2
L_(V\-l) : F‘ % F4_ ace Lo'“'\ ocu : | & 3

ASSUMQ %f\:_'} OW\J S(V\—2—> are ‘l‘rue,
—> .F\.n-( g< FVH’Z. . LO""'\ evenn of L:o'“r\ oau




P(‘ ) ‘I'a. wmewn 1

ove state e+ Sty k. ic even IFF F,,\+3 is evew

Base s .< (V) O) Fo X F3 avre Lo"'l'\ evewn - O & 2
(V\ I) : F‘ % F4_ are Lo'“'\ ocu : | % 3

ASsuw\e, S(V\ ') aV\J S(V\ 2—) are 'l'rue,
F g< {" . LO‘H"\ even orfr ‘oo"L\ oau

$ F"Z g( F . LO"‘L\ even ofr Lo'“f\ ocu




Prove, statement Sw): F\-,l 1s evewnn |FF F.,,+3 is evew
[(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base "”""‘i(w) : R % % ace both odd : | %3
Assome  SGa-) and  SCn-2) ace Hrve

'F—,,,.., & Fw+2. t both even or both OJJ

Foz & Tyt both even or both odd
By debinition, @ F, even then R Foy botl even or bothodd.

:o-e Fl\oov\acci vww\Lers (amcl im+eser a\JJi'hovb




Prove statement Stv): K, ic evem IFE F,,,+3 is evew
[(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base C”""‘ﬁ_(vm) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

'{—:,,,.., & T’-w+2. t both even or both OJJ

Foz & Tyt both even or both odd
By debinition, @ F, even then R, Foy both even or bothodd.

1€ Lotk even thew ... 7




Prove statement Stv): K, ic evem IFE F,,,+3 is evew
[(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base C”""‘ﬁ_(m) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

T:vr-« & Fw+2. t both even or both OJJ

Foz & Tyt both even or both odd
By debinition, @ F, even then R, Foy botl even or bothodd.

1# Lotk even then by hypothesis ... 7




Prove, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base C”""‘ﬁ_(m) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

T:n-l & Fw+2. t both even or both OJJ

T:vr-z & Fnﬂ t both even or L:o'u'\ DJJ
By debinition, ® T, even then R Foy botl even or bothodd.

\Q— ‘oo'H\ evew +\\QV\ Lb LyPo'lLQSiS 1::V\-l-l euen




Prove, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base C”""‘ﬁ_(m) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

T:n-l & Fw+2. t both even or both OJJ

T:vr-z & Fnﬂ t both even or L:o'u'\ DJJ
By debinition, ® T, even then R Foy botl even or bothodd.

\‘Q’ ‘oo'\'L evewn +\\QV\ Lb LyPo'lLQSiS FV\‘\'?-,FV\H euen




P(‘O\IQ, S‘I'a.'l'emew(’ S(V\)‘- F\-n i< even |FF FV\..|_3 Is evewn

4

2 ) (V'=°) : F.o X F3 are Lo“'L\ even = O & 2o
asSe cases . L—(\,\-_-_|) : F‘ % F4_ ace Lo'u'\ oJJ : | 2( 3

Assome SGa-) and SCn-2) are trve
T:n-l & Fw+2. t both even or both OJJ
Fiez & Tyt both even or both odd
By debinition, @ F, even then R, Foy botl even or bothodd.

\‘Q’ ‘oo'\'L evewn +\\QV\ Lb LyPo'lL€$.15 FV\‘\'?-,FV\H euen "»Fv\-‘-B even,
b& Ae'ein;";ow




Prove, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base C”""‘ﬁ_(m) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

T:n-l & Fw+2. t both even or both OJJ

Foz & Tyt both even or both odd
By debinition, ® T, even then R, Foy botl even or bothodd.

,.\,&» ‘oo'H\ eJewn +\\QV\ Lb LyPo'lL€$.15 Fy\.‘.)_ ,FV\'H even -> FV\-(-B even




Prove, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base wse“ﬁ_(n.-..) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve
T:n-l & Fw+2. t both even or both OJJ
Foz & Tyt both even or both odd
By debinition, ® T, even then R Foy botl even or bothodd.
12 Lotk even then Lb LyPo'lLesis Favz ,Fan ven > Ry even.
18 Loth odd thew...?




Prove, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base wse“ﬁ_(n.-..) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve
Fn-—: & Fw+2_ t both even or both OJJ
Foz & Tyt both even or both odd
By debinition, ® T, even then R Foy botl even or bothodd.
12 Lotk even then Lb LyPo'lLesiS LF“HXFV\H ewen ¥ Hia even,
1L Loth odd then Lb LyPALes'.s Fasz  Fap odd




Provo, statement Sw): F\-,l 1s evewnn |FF F.,H_3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base wse“ﬁ_(n.-..) : R % % ace both odd : | %3
Assome SGa-) and SCn-2) are trve

Fn-—: & Fw+2_ t both even or both OJJ

Foz & Tyt both even or both odd
By debinition, @ F, even then R, Foy botl even or bothodd.

\‘Q’ ‘oo'\‘L evewn +\\QV\ Lb LyPo'lLe.S.lS FV\‘l'l,FV\H euen "’Fy\+3 even,

H" Lo“‘\'\ OJ’J +\'\evx Lb LyPo'n«es]s FV\"‘?-;FV\H OJ'J »FV\‘('B eue“‘, ..




Provo., statement Sw): F\-,l 1s evewnn |FF F.,\+3 is evew
f(n=o) : Fo X% F3 ace Loth even = 0 & 2
Base °°‘”"‘ﬁ_(w='> R %2 B oace bothodd - | &3
Assome SGa-) and SCn-2) are trve

T:n-l & Fw+2. t both even or both OJJ

F;r-z & Fv)ﬂ t both even or L:o'“f\ DJJ

By debinition, ® T, even then Foug,Foy both even or botlodd

\‘Q’ ‘oo'\‘L eJewn +\\QV\ Lb LyPo'lLe.S.lS FV\‘l'l,FV\H even -?FV\‘('B even
I+ Loth odd H‘\"M \03 LyPo'n«es}s FV\'\'?.,FV\'H odd _?FV\-(-B even,




P(‘O\IQ, S‘I'a.'l'emew(’ S(V\)‘- F\-n i< even |FF FV\..|_3 Is evewn

4

2 ) (V'=°) : F-o X F3 are Lo“'l« even = O & 2o
asSe cases . L—(\,\-_-_|) : F‘ % F4_ ace Lo'l‘L\ oJJ : | 2( 3

ASSuMe, S(\f\“) aV\J S(V\—2—> are +rue,
RI-I g‘ l:-\n+2_ : L?O‘l'\'\ even ofr \:o'['\'\ oau
F;P'Z & Fv)ﬂ : both even of ‘oo'“r\ oou

By debinition, ® F, even then Fou,Foy both even or botlodd

\‘Q’ ‘oo'\‘L evewn +\\QV\ Lb LyPo'lLe.S.lS FV\‘l'l,FV\H euen "’Fy\+3 even,

I+ Loth odd H‘\"M \03 LyPo'n«es}s FV\'\'?.,FV\'H odd _”FV\-(-B even,
S"..m:\m- P\‘oo-e ‘\-e F\n 1S OJJ,




T\PS .

e ‘./OU Cam“l' Lric‘se 'l"r\e. Salb L)e:l'we.en (V\-l) ow\J w
'¢th P.\CL.'Mj Sowme *E]vﬁ'le, e,xawP\e, (2-3- n=99 —’V\=|°°)



T\PS .

o L/OU Cam‘-l- L(‘lo\se, "'L\e. Sal: L)e:l'we.en (V\-l) aW\J wn
'Oj P.lc\f-.lf\j Sowme -e]ni'le. e,xawP\e, (2.3- n=99 —’V\=|"°)

o SOVV\Q,J(’.I\MQS :jout w]u See ‘leQ, OIV\JUC:li\Ie. §4QP O\SSumir\j

+\/\0L'l' Cla'\m(m) s ‘Cv\own amc\ Us;nj i'l' 'I'D SLoLJ Claim(l/rl-l).

I “'in "("o ASSUMR C(a..IW\(V\-l) de Prove C\o\.;m(\ns'
T\Ms s & W\oruer o£ .S‘LJIQ. gO’I'L are o‘t.



Tips

'Tlr\e 'oqse. Case Is V\o'(’ o.luoa:js ”'|'\«e. .Sww\ueS“' V\UW\LQV”

gow\e.-l-]w\es oL Cla.'(w\ s +rue om‘J im- 9arjer v«lue.s, 2"\>mS

Some:‘r'\w\es v ;\us‘(' wovn"l' rejj on ”'\'\ne sMauesL“ °ln5‘('amce..



Tips

.Tlﬂe LO\SQ Case Is \no'(' o.luoajs- ”‘l'\ne_ SW\O\“QS‘L V\UW\LQ"”

4 gow\e'l"lvv\es o cla.'(wn s -\‘f‘ue. onlj -‘eor Qarjer valuo.s, 2"\>\nS
Lp SO\MQ‘\‘.WV\QS 14 ;\\)S"" wov;'(' re.lj ONn ”""\AQ SMQ“QS"‘“ .lns'('qv\cg_.

o l'f' ClOLIm(V\) re\'ues oOwn me'iP\e_ ‘;'wm“er" c.\a.ims

ma\ce svure :jou lnowe, e—V\OIle/\ 'oase_ cases



For 0\“ w>o ) 2V\=1 (2|)



For 0\\( w> o ’

Base case:



For 0\\( w > 0 ) 2 =

Base case: n=0 2 =

J

n-|

ngounesisz assuvwme 2



For o\u w > o ’ 2V\=1 (2 l)

Base case: w0, 2=[ v

Hm)ounes'ns: assvwme Zm-'=1 anJ ZW-2=1
2\/\-2 n v - N~ -]

R A M S

($ack, dor all W)



For all o ’ 2V\=1 (? I)

Base case: n=0 | 2 =

n-|

Hfjf)o'unesis :  assuwme 2 =




For 0\“ w>o 2V\=1 (2 l) Loocls uorov\j?

Base case: n=o0 2=

J

n-|

Hm)ounes"s: assuvwme 2 =1 ch 2w-2=1




For 0\“ w>o 2V\=1 (2 l) Lohocls uoroV\j?
. v

Base case: n=0 , 2= wx\sse.cl e
Hﬂpol—\nesis : assvwme ZVM = 1 ch 2‘”-2=1
2\/\-2 n v - N~ -]
2797 2. o ML 0"
-l n-)
SO Zﬂ: 2 V\-% = —‘—1—~ = |



For 0\“ w>o 2V\=1 (2 l) Lohocls uoroV\j?
. v

Base case: n=0 , 2= w\'\sse_cl s
Hﬂpol—\nesis : assvwme ZVM = 1 ch 2‘”-2=1
2\/\-2 n v - N~ -]
Z = 2 -2 " 2 '- Zw NQeJe.i Lase case
' -eor n=l
N~ n-|
SO Zﬂ: 2 V:_% = ——1—~ = |



W
For all wzo : 2 =1 (? I) Lol s uorov\ﬂ?
A ase : = e J'
B $€ case- n=0, 2=0 v wissed this
HSPO'\'L\QSiS : assvwme 2‘“-' = 1 ch 2\0-231
2n-2 n wn - N~ ~1
Z = 2 -2 * = 2 '- Zw NQeJe.i Lase case
2%' . 'eor n=l
So 2 = Zv;-% = _:,_1_ = | Lu'l' 2'¢ '

.KA/B
n= 0O { \Z £ 4 .o

/ \/\/ ‘/1/



SO "e Cla,]m(n) VV\.ISL"' nQe,cl "\'uoo “Swm”er“ c.‘oftms (es vi-| & n-L))
m'\SH we neeJ Quen w\ore.? VQS, LU'l' "L\x‘.'s o-uen ok .



SO "e CIG:WV\(V\) VV\ISL"' nQe.cl +wo “Sww\”et“ clafums (es -| & n-z))
W\\SL‘\‘ we V\QQJ Qven W\ore.? VQ—S, Lu'l' '”'\oi‘.'s o-uevx ok .

]-V\ -Qa\c'\' we can Vse .\V\AUC'('.\OV\ '03 aSSUWl;V\S 'an'(‘

e Aaim s eve ‘Qor a\( k<wn
('lec,nm;cau“j ‘eora‘( we.((-cle.-e{nei ‘:) 2,3,) os\:<m)



SO "e CIG:WV\(V\) VV\ISL"' nQe.cl +wo “Sww\”et“ clafums (QS -| & n-z))
W\\SL‘\‘ we V\QQJ Qven W\ore.? VQ—S, L;u'l' '”'\oi‘.'s oﬂen ok .

1\/\ -Qa\c'\' we can Vse .\V\AUC‘('.\OV\ '03 aSSUWl;V\S 'unq'(‘

e Aaim s eve “Qor a\( k<wn
('lec,nm;ca-“j ‘eora,( we.l(-cle-e{nei [:) 2,3,) os\:<m)

This is ca“QA STRoNG [NDUCT oM



SO "e CIG:WV\(V\) VV\ISL"' nQe.cl +wo “Sww\”et“ clafums (QS -| & n-z))
W\\SL‘\‘ we V\QQJ Qven W\ore.? VQ—S, L;u'l' '”'\oi‘.'s oﬂen ok .

1\/\ -Qa\c'\' we can Vse .\V\AUC‘('.\OV\ '03 aSSUWl;V\S 'unq'(‘

e Aaim s eve “Qor a\( k<wn
('lec,nm;ca-“j ‘eora,( we.l(-cle-e{nei [:) 2,3,) os\:<m)

This is ca“QA STRoNG [NDUCT oM

vl - Eesu\af \no\uc:hon avul S’l‘roV\j "lm:luc.‘("\om are ac.-l-ua“:) QC‘uivaL‘ev\‘('

as Is Ffooz Lj Sma“es* cpun'l‘emau/\,:le.,



P(‘oxle= ‘Qor a.l( V\>/2) N 1s o onoloc;l' oe Pr'(w\e, muw\Levs

(Poss'luj wmovre '(“/\qn 'l'wo o-Q "”new\>



Proxle,z ‘eor al( V|>/2) i ois o Pfooluc;l' o@ Pr'(me, muw\Lefs

(Po.ssiun wmovYe '“AQV\ +wo o-Q '(‘\ne.wx)
Base case: wn=2 = 2-1



BGSQ. case = =2 = 2. l \/ (PDSS.'Llj wove '“’u\f\ "'NO O'Q "'Lew;)

ijo-n\es'rs: "ass'uvne '}La-.'l' C.|aiw| 18 ‘}rue_ ‘g)r {( |<< |
a 4|
(Iou+ a-e course we mean 25k <Vl>



Proxle,z ‘eor al( V|>/2) i ois o Pfooluc;l' o@ Pr'(me, muw\Lefs

(Po.ssiuj wmovYe '(“/\a\r\ “'wo o-Q '(‘\ne.wx)
Base case: wn=2 = 2-1

Huprbhesis: ‘assome Hhat claim s deve b all k< '
(Iou"' a-e course we mean 2< k <Vl>

\£ v oi1s Pf‘.\\Me. ‘\'\nen i wnel , CJOV\Q.



Proxle,z ‘Qor al( V|>/2) i ois o Pfooluc;(' oe- Pr'(me, muw\Lefs

(Po.ss':“j wmovYe '“Mm "'wo O‘Q '(‘\ne.w)
Base case: wn=2 = 2-1

Huprbhesis: ‘assome Hhat claim s deve b all k< '
(Iou',' a-e course we mean 2< k <\4>

\£ vio1s Pc'\W\e, ‘\'\nen Vi wn.l , on\e.
Eliec w = a-L (a,LéZ) [<a<wn '<L<V\)



Proxle,z ‘eor al( V|>/2) i ois o Pfooluc;l' o@ Pr'(me, muw\Lefs

0553“ wovYe '“MW\ "'wo O‘Q _(.Lew
BGSQ. case = =2 = 2. ‘ \/ (P j )

Hypobhesis: ‘assome Fhat claim ic 4ve foe al k< n

or 4
(Iou',' a-e course we mean 25k <"l>

\£ v oi1s P(‘o\me, ‘\'\nen i wnel , tJOV\Q.

Eliec w = a-L (a,LéZ) [<a<wn '<L<V\)




Proxle,z ‘Qor al( V\>/2) i ois o Prooluc;l’ oe- Pr'(me, vnuw\Lefs

(Po.ss‘:“j wmovYe '“nav\ 'l'wo o-Q '(‘\ne.wx)
Base case: wn=2 = 2-1

Huprbhesis: ‘assome Hhat claim s deve b all k< '
(Lu"’ a-e course we mean 2< k <n>

\£ v oi1s P(‘o\me, ‘\'\nen i wnel , tJOV\Q.

Eliec w = a-L (a,LéZ) [<a<wn '<L<V\)

AFPIJ LSPO‘,'LQS;S "l’w'lce,: a av\J L ave QACL. - & P(‘oJoc"' o'e Frlmes




Proxle,z ‘Qor al( V\>/2) i ois o Prooluc;l’ oe- Pr'(me, vnuw\Lefs

(Po.ss‘:“j wmove '“nav\ 'l'wo o-Q '(‘\ne.wx)

Base case: w=2 = 2.1
"

ijo‘\-\\es'ns: ”aSS'()W\Q. 'H'\O-.'l' C|a|m 18 “rue. ‘gw a |<< 4
(Lu"’ a-e course we mean 25k <n>

\£ vio1s Pc'\W\e, ‘\'\nen Vi wn.l , on\e.
Efse, w = al-L (ALGZ l<aL<vx.) I<L<V\)

AFP LSPO‘,.LQS'S ‘l’wlce, a av\el L ave MCLL - & ProJoc"' 'e f:(‘tW\eS

LN\

eq., X-yz Pqrs



Proxle= ‘Qor al( V\>/2) N 1s o onJuo‘l’ og Pt‘ime' VIUMLC“S

(Poss‘:“j wmove ’Hmm +wo o-e "'\newu>

Base case: w=2 = 2.1
|

Hj?o‘\'\l\es.lsz "aSS'U\MQ. 'Hr\a:l' C‘OLI\M 18 —lFUQ. ‘&’r a. k( n
(Lu',' b'e CoursSe we mean 2L ‘( <Vt>

\£ niois Pf\me. '\’\«Q_V\ V= wn.l , on\e_
Ediec w= a-b (aLéZ l<a<n, | <b<n)

AFF, LSPO'H/IQSTS ‘l'wlce, [/ aml L are Q.ct.c_‘a. oL P(‘o::luc"' 'e F(‘IW\QS

Then a-bisaso. & \ \

eq., X-yz Pqrs € n=xyzpges



Proxle,z ‘Qor al( V\>/2) i ois o Prooluc;l' oe- Pr'(w\e, mum\oefs

(Po.ss‘:“j wmovYe ‘Hm\v\ "'wo o-Q '(‘Lewx)
Base case: wn=2 = 2-1

Huprbhesis: ‘assome Hhat claim s deve b all k< '
(lou"' o-e course we mean 2< k <Vt>

12 v is peime then vz nel | dove.

Ediec w=ab (abez lcacn, 1<b<n)
Apply hypothesis +uice: o and b are each o prodoct o€ primes
Thew a-bis alse. &

P(‘O\IQJ, w}-lLou-t |<V\ou->;lnj Qxac“j wL\a‘(' 4 re[iecl OW.



W

Prove’. 'eor all w Z X = V\(;H)

X=1



Prove: ‘eo(' au VL,

Base case ° =0




Prove -

foe all

Base case ° =0

ASS’U\MQ

Zx

2x = G

Zox P o(o+1)

X=1 2
)(n-')“) -eor ny, |




Prove: for all ", é X

Base Case *

W=

Assome =
X=

“Ms

|
X
(

weo ¢ 2 X =

_ ) Gnmi)ed)

2

7|
X = v+ 2 X
X=1




Prove: ‘eo( all ", xiz X =

Base Case *

W=

Assome =
X=

“Ms

|
X
(

7|
X =2+ 2 X = v+
X5 L

weo ¢ 2 X =

_ )t
2

(n-1)-n
2




Prove -

foe all

2 S ICEE
V\+§|x = V\+("") =




Prove'. ‘eo(' all ", i X = V\(;H)

N,
S
Wn
[\
()
)
W
©
S
1]
o
Mo
X
{
®
[
N

X=1 2'
w | 2
(n-1)-n 2n+ nT-wn i4+wn
2 X =wn+2 X = u+t = 2 =
X=1 X=1 2 2 2

w(n+)




Lot SG) be a arid of 272" squaces
w°|'u« ove square W 'n\e '\'Mio\Jle:', W)o\r‘cecl.

Ex&




Le;l' S(ﬂ) be « Sr‘\J oﬁ ZV‘X 2“ Squares

wHL ovne square W 'H«e '\'Mioule:', vno\rlcecl.

\{ou L\owe, L SLO\PeJ 'Lle_s ‘n\oc(' :jou

cawn VO‘\'tAe— le\ qce on ‘HAQ_ 8(‘\




Le,‘l’ S("’) be o Sr‘\J o-e 2‘,\" 2“ Squarces
wHL ovne square W 'H«e '\'Mioule:', vno\rlcecl.

G e

\{ ‘/\owe, L SLO\PeJ "' lQ_S ‘n\o\.‘(‘ :j VN
cawn (“\'ou'le. GW\ ce own 'H/\Q_ 8 J

P\'O\Ie— -\—LA— nou cawvy Covec J(\ne, Sr}cl w.r“n ‘L‘IQQS) excep-l -'arr M

L
o

ni
nE;




o

‘
9 y)

(/\)of\ts ’?O( SW\al( VL (Lmse. case>



9° y)

(A)ofl(s ‘?O( Swml( \ (L)o\se case)
H'jFO‘H'\QS'lS . 2V‘-'X 2\4-! Can Le_‘h(ecj (V\>,I)




[ ‘
= B -

20 Zl | 23
(/\)ofLS' ’?o{' SW\al( 14 (LDQSQ case.)

H'jFO‘H'\QS'lS . 2‘“—')( 2\4-! Can Le_‘h(ecj (V\>,I)
Bu‘t '|'L\e,ce, s vo Way ‘lo vse ‘H«\s!

Ak hypothesis = 2" 277" gcid woith M in the widdle can be Hiled

D




‘ 2°
9° y)

(/\)orts ‘?O( SW\al( 48 (Lase. case)
Hypothesis = 27" x 277" can betiled (rn1)
Bo-t ‘H«exe s vo Way ‘lo vse '”nis!

AC“’\)O.( L\:JFo-"Le’S"Sz wa 2‘4-' gr7J t,on‘”« M v ‘H«e_ \M'nJc”e, con LQ -hle.a‘

D

2

\'\m)o‘n.e.sis wust W\a-\cl» claim



——~ ' 2°
(A)ofl(s ’?0( Swml( 48 (L)o\se case)
H'jFO‘H'\QS'lS . 2‘“—')( 2\4-! Can Le_‘h(ecj (V\>,I)

BU‘(' '|'L\e,(e, s vo Way ‘lo vse 'Hn'\s!
Ak hypothesis = 2" 277" gcid woith M in the widdle can be Hiled

D

gol\r".lovxt ma‘:e onLlQW\ l‘\arcler...




Le;l’ S("') L)e. a Sf“\cj o-e ZV‘X 2M Squares

w-,J‘L one square WMmrLeJ.

Sowe w\ae,re

T\r\e. new PcoLlem 1S anrcler,

(A)Q_ afce given XQSS .llﬂ'eo('VV\OL""le\.




Lot SG) be a arid of 272" squaces

w-,-u« ove square Wmarke&

Sowe w\«ere,

Prove,: Snc\ coan |oe Covere_cl exceP'l -'ax M




Lot SG) be a arid of 272" squaces

w-,-u« ove square Mjmmrke&

Sowe w\«ere,

Prove,: Snc\ coan |oe Covere.cl excefrl "'ax‘ M

BO\SQ case ° Qde

chPoJrLes‘ns C 9T 0 b diled (as)




Lot SG) be a arid of 272" squaces

. ! M
with one squace in theuriddle, wacked.

Sowe w\«e,re,

Prove,: Snc\ coan |oe Covere_cl exceP'l -'ax M

BO\SQ case ° Qde

H«:}Po“aes‘us C 9T 0 b diled (as)
P'ace ""l\e_ i The w\iJJ\e, awoichng c‘oo«Jram‘l' willh M.



Lok S6) be o geid of 2" 2" squaces :H

w-,“« ove square Wmarke&

Sowe w\«ere ‘

Prove,: Snc\ coan |oe Covere.cl excefrl "'ax‘ M

BOLSQ case ° Qde

chPoJrLes‘ns C 9T 0 b diled (as)

P'ace 'h\e_ 1% the w\iJJ\e, awo\'Jing c‘Oo«Jram‘l' wl-“« M.
B‘j L\UPO‘“«QS;s) Qd\CL\ qua\cjravx‘{' can Le. ‘["'||€'J.



ij Wwas .l“' easiec “‘o So\\le. CA Lomcler P(‘oL\Q\M?

The 'nmiuc.‘l"we. lnjra—”\es‘\s Lecawe_ wore Fower-e\)l.

Le_"‘; see awo‘\'\'\ef mem\o\e,..,















-cDr a\l( v |



FAIL

So »QQ-"; Ft‘ove.

Sowue-“a'l na s‘(‘('omser...



v -eac-l-
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‘eor a\l( w > |















\/ou l’\a\le X S"O\CL b‘(" n Loxes.




\/Ou L\a\le o S'l‘OLCL o(-) n Loxes.
OV\Q, wove - SP\.t'(' (/8 S‘l’O\C.\C ‘M"‘o l new S‘LAC\CS Oe size a&!:




\/Ou L\a\le o S'l‘OLCL o(-) n Loxes.
OV\Q, wove - SP\.t'(' (/8 S‘l’O\C.\C ‘M"‘o l new S‘LAC\CS Oe size a&!:

%,

(0] =4

~—




\/Ou L\a\le o S'l‘OLCL o(-) n Loxes.
OV\Q, wove - SP\.t'(' (/8 S‘l’O\C.\C ‘M"‘o l new S‘LAC\CS Oe size a&!:

L" Rewarcl : a-L

7
e

2-6

~—




\/Ou L\a\le o S'l‘OLCL o(-) n Loxes.
OV\Q, wove - SP\.t'(' (/8 S‘l’O\C.\C ‘M"‘o l new S‘LAC\CS Oe size a&!:

L—? Rewarcl : a-lo
Do “'L(us UV\'[';I al( S'l'aC\(S‘ L\owe. size i.

Tﬂj ‘l’D Wmoaximi2e ‘{‘ewarc[. ?V —

T—
54
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\{OM I’\a\le o S'lOLCL o(-) n Loxes.
OV\Q, wove - SP\.t'(' (/8 S‘l’O\C.\C ‘M"‘o l new S‘LAC\CS O‘e size a&!:

(oo,
Do ‘Hr(ls onhl all stacks have size {. e J a.lo

Tﬂj ‘l"D Wmoaximi2e 'rewani. ?V —

T—
54

2-6

Tf:j Yo balance a\,‘o a\wans?. T —

PCOA\JC" 1S \ma«x\w\\zecl w\nev\ ec'ual




n(n-1)

ClOL.lW\: S‘ha-l-e&j 1S 'lffe,\e\lom'('. Rewarcl 1S A\Uoujs 9



n(n-1)

ClNW\’ S“m‘tesj 1S ;ffe\evam+. RQ\AO\“'J 1S A\UG\SS
BGSQ case : (V\ = l). Re,wou'ol = 0.

2



n(n-1)
2

Claims  steafeqy is iccelevact. Renned is aluoays

Base case : (v\= l). Re.wou'ol = 0.
ASSume cewacd = k(;-'> ¥ we have a stack o'p- size k<n




n(n-1)
2

Cl&'lmi S‘lfa‘l'esj s 3f€e\evam+. Rewou'J 1S A\LJ&\SS

BGSQ case : (V\ = l). Rewou-A = 0.

ASSume ‘rewarJ = k(;-O 7£ we \no\\le. A s'(-ac\g o-p- s12e I<<VL

Cows'uJec s*ac\c 02 “,1'\ Lo)(eé". ,—Q'I' 15"' mwo\ e PFOAUCC 5“'0\5\(5 0\,!3< .

a+bh




n(n-1)
2

Claims  steafeqy is iccelevact. Resacd is aluays

Base case : (V\= l). Reward = 0.
ASSume ‘rewarcl = k(;-O 7‘e we \no\\le. A s’(-ac\g o-p- s128 I(<VL

COV\S.“J“ S*M\a 02 i\ LOXQS, Le'l' 154' wmove Proéuce s‘\'ac\cs 0\,19 < W,
ﬂwaL ath
ij \ntjf)o"'l'\es'rs, ‘?\)+ure fewaro‘ _ a(a—1) . L(b-1)

2 b




n(n-1)
2

ClOL.lW\: S‘ha‘l-QSj s 3f€e\evam+. RewarJ 1S A\umjs

BGSQ case : (V\= l). RewarJ = 0.
ASSUMQ ‘rewarc[ = k{';"O :£ we \no\\le. A S’('ac\a o'p- size k<n

Cov‘s.'Je( stack °£ n boxes. let 1st move Pf‘oJuce stacks 0\,19 < N,
$-ob oj—L
B}j \ntjf)o"'l'\es'rs, -K)‘,'Ure fewaro‘ _ a(a—1) . L(b-1)

2 b

1 ) )

a b Tokal __:Eat)‘-\'qz—a?-l-laz—L

2




n(n-1)
2

Claﬁlm: S‘lfa‘l'esj 1S '|"‘(‘e.\eva.m+. RewarJ 1S A\L\)a(js

Base, case : (v\'—' l). Rewou'ol = 0.
ASSume ‘Feu)arc‘ = k(;-O 7£ we \no\\le. A s'(-ac\g oﬁ s12e |<<VL

COV‘S.“J“ S*QCL 02 i\ LOXQS, Le+ 154’ wmove ProJuce s‘\'ac\cs 0\,19 < W,
fﬁﬁaL ath
B}j \ntjfpo"'l'\es'rsi —K)‘,'Ure fewaro‘ _ a(a—1) . L(b-1)

2 b

a b To‘('a\ _ 2ob + &-a+b-b _ (a+L)2—(a+L)

= = —




n(n-1)
2

C(Nm: S‘ha‘l-QSj s 3“fe\evam+. Rewo\rA 1S A\L\ijs

BGSQ case : (V\= l). RQ_N&(‘J = 0.
ASSume ‘Feudcu‘cl = k(;"O 7£ we \no\ve. L S’(‘ac\( o'p- s1ze k<n

COV‘S.“J“ S*QCL 02 i\ LOXQS, Le+ 154’ wmove ProJuce s‘\'ac\cs 0\,19 < W,
fﬁﬁaL ath
B}j \ntjfpo"'l'\es'rsl —K)‘,'Ure fewaro‘ _ a(a—1) . L(b-1)

2 b

a b Total = Qob + a-arb-b _ (a+L)2-<a+L)_ wewn _ vln-1)
2 B 2 S




T() T(i>+“ "QDP dl w2 suh 'H\a'[' v1=24, JeN
= 2

1., Wn= ‘z.’ 9- , 9/ lé) ..
TO) = |

Lt



T ) T(£> +wn ‘QDP dl v »2  suh Hoat n= 24, deN
n = 2

.., wn= 2.} 9- , ?/ lé) o
TO) =1

Lt

Cla}w\z T(V\) = 2w - | 'eor oJ[ n>|



T(V\) = T(‘%) +Wn —eor a‘k v »2  suh ‘l'L\o.‘(’ n= 24, AGN

T(l) = | e, w= ) * / g/ 6, ...

Lt

Cla'wvn T(V\) = Adwn - 'eor all >

Base case : (n=1) - 'T(,):[ = 2-1-|



. -,— T(V\) = T(‘%) + wn —eor a‘\ v s2  such “'L\a‘(’ n= ?_J, JGN
© TO) = | re, =2, 4 9,106, ...
Cla'wvn T(V\) = 2w - | -eor al[ n>|

Base case : (n=1) : T(l) =| = 2-1-|

ASSuw\e T(k) = lk—l ‘£o¢ o\“ 1$‘4< . (k: power o-Q Z)


Greg Aloupis

Greg Aloupis
1


fTE = T(3) +w bedl ws2 suh dhat =2 deN
T() = | e, m=2, 4 F 16 ...

C laim: TE) = 2n-1 o all nn

Base case: (n=1) = TOL)=1 = 2-1-1

Assome Tl = ;151_% for all 1skan (ks power of 2)

\« v
B_‘j Ljro-l'l«e.s'ls, T(%) =2- 2 - l


Greg Aloupis

Greg Aloupis
1


T(V\) = T(‘%) +Wn —eor a‘k v »2  suh -l'L\o.‘(’ n= 24, AGN

T(l) = | e, w= ) * / ?/ 6, ...

Lt

Cla}w\z T(V\) = 2w - | 'eor oJ[ n>|

Base case: (n=1) : T =1 = 2-1-1
Bj Ljro‘l’l«es]s, T(%) =2°K‘2-—l = ~v,;(-

So T(V\) = (:-:l). + wn


Greg Aloupis

Greg Aloupis
1


T ) T(£> +wn ‘QDP dl v »2  suh Hoat n= 24, deN
n = 2

.., wn= 2.1 9- , ?/ lé) o
TO) =1

Lt

Cla}w\z T(V\) = 2w - | 'eor oJ[ n>|

Base case : (n=1) - T(.):[ = 2-1-|

7 .
B_‘j Ljro-l'l«e.s'ls, T(%) 2'—2‘-1 = (

So T(V\)-: (\n—l)-l-V\‘: 2wn-|


Greg Aloupis

Greg Aloupis
1


. -,— T(V\) = T(‘%) + wn —eor a‘k v s2  such ‘l’L\a‘(’ n= ?_J, JGN
© TO) = | re, =2, 4 9,106, ...
Cla'wvn T(V\) = 2w - | 'eor oJ[ n>|

Base case : (n=1) : T(l) =| = 2-1-|

ASSuw\e T(k> = 9~k - | '£o{' o\“ $\¢< . (‘:: power o-e 2_)

B L o‘l’Le$°l5, T(ﬂ') =2- z2 = l = vi-| | S‘l‘(‘om ’deal"wu,
J “ > JiJv{-l-ﬁV\o_ei T(w-1)

So T(V\)-: (\n—l)-l-\f\: 2wn-|


Greg Aloupis

Greg Aloupis
1


\‘low vna\nj wajs afe ‘('\'\Q(‘e, '('O SQ‘(' 'e(‘ovm g’-'(0,0) "'('o T: (V)'VV\)
°\-e Uou a'oJa:jS ‘kae a S""Q‘: UF oC vl-o ‘l\ne. f\g\«‘(’?

w

t

=% —|




Ho.w Vna\n:j bo013$ afte ‘('\ne('e, ’l'o SQ‘(' -e(‘ow\ S=(0,o) ""p T_-_- (V)'W\)
\'e jau a,wmjs —h(:e A S"I'Q(: UF of "'o ‘l\ne, f\g\a'('?

Prove: W(n,w) = Lot "

T




HO(A Vna\nj wajs afe '('\'\Q(‘Q, '('O SQ‘(' ’e(‘OW\ g"'(0,0) "'('o T: (V)'W\)
\2 30\4 a'wat]s ‘(‘OLLQ A S""Q‘) UP of "“0 "l\/'e- (‘lg‘n'('?

Prove: W(n,m) = (V';"W‘Pl ™

n.wm. T

=% —|

BMQ cages : al( 31‘5«:’5 bo\nere w=p0 o¢ WN=0

\/\)(V\'o) = \/\)(O’VV\) = | (‘eac-f)
ol
Nn=o : el S —n




How vnavuj wajs afce -(-\«ece, '('o SQ‘(' -erovm g=(0,0) 4o T-= (V)'W\)
\'g Uou a'ooa:js ‘(‘aLQ a S"‘Q‘: UF of€ ’I'o 'l\«e, f\g\a'('?

Prove: W(n,m) = (V';"W‘Pl ™

n.wm. T

=% —|

BMQ cages : al( 31‘5«:’5 bo\nere w=p0 o¢ WN=0

\/\)(V\'o) = \/\)(O’VV\) = | (‘eac-f)
w) =(V\+O).| 1\ o

1 m=0, (V'T ' -

iewr, V’!O!

(s'u wilae 'ne V\:o) S "



\‘low vnavnj wajs ate -(-\«ere, -(-o SQ‘(' -erovm g=(0,0) 4o T-= (V)'W\)
\-g Uou a,oJa:js ‘(‘aLe A S‘l'ef up of 'l-o '“ne. c'\glz\'('?

Prove: W(n,m) = (V';"W‘Pl ™

i.wm. T

=% —|

BMQ cages : au 31‘;’«:’5 bo\nere w=p0 o¢ WN=0

Wn0) = Wlow) = | (fach
1L w=0 (\n+W\§1 =(vn-o).' 1\ o
) V)!Ml V)!O!
\'\tjPo'Hnes‘ns: 4 lgXgwn | lstjsw\) X+y<vtwm, g —»

|
C'-Q-; ie \"ema'm'm3 3rn'J Is Sma.“er) ‘H'\QV\ \/\)(X,‘j) = v—(if;|>'



w(” W‘ \/\)(V\ ‘ W‘ +\/J(v1 m - l) [vvu)S‘(' O\Pproac\n Reom these 2 sFo"s]

P

1)



W(n,w\) = \/\)(V\",W‘) t \/J(V\,W\-l) [vvu)S'l' approach Reom these 2 sFo'*s]

Th

|£ V\ol' loo.se case \/\)(V\-l,\”\) — ((V'")"'W‘)l- O\C Lecause.

‘\"L\evn n,mM >, (\n—l)l.w\! (V\-n) +m < N+v

Bﬂ L\UFoHne.sis




w(”zw‘) = \/\)(V\",W‘) t \/J(V\,W\-l) [vvu)S'l' approach Reom these 2 sFo'*s]

e

T
|£ vwl’ lpv«Sf’- case ((W-')"'W‘)l- '3 Lec vse
thew n,m >I, \/\)(V\-l)\m) - (- ml ("‘?')*""" <Yf+w

Btj \/\:jfw'\'\ne.sfs \/\)(V\) W\_|) _ (\n +(w\-l))l, ok Lecause

VI!(\M—I)'. M + (m-1) < Ntwa



\/\)(n,m) = \’\)(V‘",W‘) t \IJ(V‘,W\’I) [W\US‘(' Okaroac\/\ Reom these 2 sFo'*s]

Th

lne not LO«SP- case \/\)(V\-l)w\) _ ((V'-')"'W‘)l- _ (V""V‘““)‘- ok Lecause.

(Vl-')l-w'! B (vn—l)'.vw! W-1) +m <niv

then v,m »1.

Btj L‘UF'A—\"Q’S{S \/\)(v\) w\-l) _ (V)+(\M-l))l- Z(VH—W\—O‘. O\C Lecause

 vl(ma))! LT %) L (o) g




\/\)(n,m) = \’\)(V‘",W‘) t \IJ(V‘,W\’I) [W\US‘(' Okaroac\/\ Reom these 2 sFo'*s]

Th

lne not LO«SP- case \/\)(V\-l)w\) _ ((V'-')"'W‘)l- _ (V""V‘““)‘- ok Lecause.

(Vl-')l-w'! B (vn—l)'.vw! W-1) +m <niv

then v,m »1.

B':j L\UPoHne.sis \/\)(v\) w\-l) _ (V)+(\M-l))l- Z(VH—W\—O‘. O\C Lecause

 vl(ma))! LT %) L (o) g

(VI+VII\—|>‘, (v\ M—l)‘,
(vn—l)'.w\! T Wf’(""'")'-

() =




\/\)(n,m) = \’\)(V‘",W‘) t \IJ(V‘,W\’I) [W\US‘(' Okaroac\/\ Reom these 2 sro*s]

Th

lne not LO«SP- case \/\)(V\-l)w\) _ ((V'-')"'W‘)l- _ (V""V‘““)‘- ok Lecause

(Vl-')l-w'! - (vn—l)'.vw! W-1) +m <niv

thew n,m >I,

BB L\:jfwl'\ne_sis \/\)(v\) w\-l) _ (V)+(\M-l))l- Z(VH—W\—O‘. O\C Lecause

 vl(ma))! LT %) L (o) g

- (V‘+W‘—‘>‘- (V\ VV\-‘)‘, _ V\~(V\ W\—l>‘, Wl(v\ w\-|>\.
W(H,W\) ()l T V‘r(""'—')l- - V\-(\:—l)'.w\! +-V:'\t-w;'(vw—l)|.




\/\)(n,m) = \’\)(V‘",W‘) t \IJ(V‘,W\’I) [W\US‘(' Okaroac\/\ Reom these 2 sro*s]

Th

lne not LO«SP- case \/\)(V\-l)w\) _ ((V'-')"'W‘)l- _ (V""V‘““)‘- ok Lecause

(Vl-')l-w'! - (vn—l)'.vw! W-1) +m <niv

then v,m »1.

B L\ o“'\/\eSfS 1+ (w1
Y "gp IRYCTND R CL{C)) R CEED | R s

 vl(ma))! LT %) L (o) g

(nem-D)! | (w m-1)! _ w (+wm-1)! vlat(vn—vv\-\)\,
l/\)(n,m) ) (vn—l)l.w\! * Vl.r(wr—l)l. B V\-(w—l)l.w\! +|__V‘1;VI!(W—I)I.

- (V'+W)°(VI+M—|>\,

vlml




\/\)(n,m) = \’\)(V‘",W‘) t \IJ(V‘,W\’I) [W\US‘(' Okaroac\/\ Reom these 2 sro*s]

Th

lne not LO«SP- case \/\)(V\-l)w\) _ ((V'-')"'W‘)l- _ (V""V‘““)‘- ok Lecause

(Vl-')l-w'! - (vn—l)'.vw! W-1) +m <niv

thew n,m >I,

BB L\UPO“'\AQSB \/\)(v\) w\-l) _ (V)+(\M-l))l- Z(VH—W\—Q‘. O\C Lecause

 vl(ma))! LT %) L (o) g

- (V‘+W‘—‘>‘- (V\ VV\-‘)‘, _ V\~(V\ W\—l>‘, Wl(v\ w\-|>\.
w(n)W\) ()l T V‘r(""'—')l- - V\-(\:—l)'.w\! +-V:'\t-w;'(vw—l)|.

- ("'+W)°(V\+M-l>\, _ Gr+w)l

viml ) vliml O




TL\ML P('OID\QW\ cawn IOQ SOI\Iecl VV\UCL -eas4-er w.l'l"/\ou"' .IV\JUC'('.\ov\,



Tlr\o\-‘(' P('OL‘QW\ cawn loe SoIVeJ WWCL 'eas{'er W.I’Hnou'l' .IV\JUC'('.\OV\,

ST wust have wi+wm s'|-e|>s,

0f these $+eps/ m go vp,



Tlr\o\-‘(' P('OL‘QW\ cawn loe SoIVeJ WWCL 'eas{'er W.I’Hnou'l' .IV\JUC'('.\OV\,

ST wust have wi+wm s'|-e|>s,

O\e +\ne5e S‘l‘eps/ w\ 30 V.
\A)e_ wws\' ‘c‘noosg wLeV\ ‘l° 30 op :(V\:-V\M)




Tlr\o\-‘(' P('OL‘QW\ cawn loe SoIVeJ WWCL 'eas{'er W.I’Hnou'l' .IV\JUC'('.\OV\,

ST wust have wi+wm s'|-e|>s,

0f these $+eps/ m go vp,

N4wa i+wm \
\A)e. W\\JS‘\‘ C.‘noose wLev\ ‘l‘o 30 o|o 3( W ) =(anw)—w\>)!w|. O
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