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Review

* Probability review
— Random variables
— Expectation, Variance, CDF, PDF
— Example distributions
— Independence and conditional independence
— Bayes’ Theorem

* Linear algebra review
— Matrix, vectors
— Inner products
— Norms
— Distance



Resources

Probability

e Review notes from Stanford's machine
learning class

 Sam Roweis's probability review

Linear algebra

e Review notes from Stanford's machine
learning class

e Sam Roweis's linear algebra review



http://cs229.stanford.edu/section/cs229-linalg.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/probx.pdf
http://cs229.stanford.edu/section/cs229-prob.pdf
http://cs.nyu.edu/~dsontag/courses/ml12/notes/linear_algebra.pdf

Vectors and matrices

e \ectorin R"is an ordered
set of n real numbers.

— e.g.v=(1,6,3,4) isV

— A column vector:

A W o B

— Arow vector:\
1 6 3 4)

* m-by-n matrix is an object
in R™"with m rows and n
columns, each entry filled
with a (typically) real
number:

\

(1 2 8
4 78 6

9 3 2



Matrix multiplication

We will use upper case letters for matrices. The elements
are referred by Ai,;.

* Matrix product: 4 e R B e Rurn

C'= AB e R™7

TL
A /
Cij = E A By

k=1
eg A:(ail a12j B:(bﬂ blzj
dy; Ay b,y by,

AB _ (ailbll + a‘12bZl a‘11b12 + a12b22j
a21b11 + a22bZl a'21b12 + a'221:)22



Matrix transpose

Transpose: You can think of it as
— “flipping” the rows and columns

OR
— “reflecting” vector/matrix on line

e.g. (a)
g [2) -(a b) o (AN =4

a b) (a c o (AB)T = BT AT
(C dj ] [b dj o (A+B)! =A"+B"

A is a symmetric matrix if A = A"



Linear independence

e Asetof vectorsis linearly independent if none of them can
be written as a linear combination of the others.

e \ectorsvy,...,v, are linearly independent if c,v,+...+c, v, =0

implies ¢,=...=¢,=0

e QOtherwise they are linearly

dependent

e.g.

I = I: 2

(1 Ye) (O
v, V, V,|¢C,|=|0
N O VRN

(u,v)=(0,0), i.e. the columns are
linearly independent.

Linearly dependent

X3 = —2Xx1 + X5




Inverse of a matrix

* |nverse of a square matrix A, denoted by Ais
the unigue matrix s.t.

— AA'l=A1A=]| (identity matrix)
* |f Aland B! exist, then
— (AB)* = B'AY,
— (AT)*t = (AT
« For orthonormal matrices AL =AT
* Fordiagonal matrices D! = mg{d l. ol d._l}

T



Rank of a Matrix

* rank(A) (the rank of a m-by-n matrix A) is
The maximal number of linearly independent columns
The maximal number of linearly independent rows

* If Aisn by m, then

— rank(A)<= min(m,n)

e Examples 11 2 1 (2 1
0 1 42 0 5



System of linear equations

dry — Dxo —13

-2 + 3x9

|
&

Matrix formulation

[ 4 -5 [ 13
4—_23?;—9.

If A has an inverse, solutionisx = A~ 1b

10



Linear regression

One of the most widely used techniques

Fundamental to many complex models
— Generalized Linear Models

— Logistic regression

— Neural networks

— Deep learning

Easy to understand and interpret
Efficient to solve in closed form
Efficient practical algorithm (gradient descent)



Supervised Learning: Overview

Hypothesis Functions F Training data
AR Fra—= ) {(zi,43) € X x Y}

Training

LEARNING

Learning machine

ﬁ —

PREDICTION iy = f(z) | i g | Testing
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Linear regression

Given:
_ Data X — {m(l) _____ e )} where z® ¢ R¢ Features
— Corresponding labels y = {y(l), i ,y(“’)} where 'V € R
; Response
g - . + . | variables
.i-l‘ . * . *
= 1 :' .t al
o l' * : 1w-“"f:.I.---",---*"".'LFFﬁﬁﬁ%
& bR I :-ﬂf o oo . "h2 -
-.i L ,_,_F"r':i;;'.-' - L - i‘ L
= » 8-y e ‘et *
- ,-.I s * &
(%4
o &
I- | | | I | |
0 50 100 150 200 2560 300
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Hypothesis: linear model

* Hypothesis: hg(x) =6y + 01x

Simple linear regression
Regression model is a line with 2 parameters: 8, 64

* Fit model by minimizing sum of squared errors

A
o
@]
R least squares (LSQ)
(x;, ;) CB The fitted line is used as a predictor
! |
o8 .
I -

14



Least squares Linear Regression

* Cost Function .

1 ' y\? Mean Square
J(@) = — h (2) ) _ ,,(2) g
? n ;(29 (:1: ) 'l ) Error (MSE)

* Fit by solving 11311 J(0)

15



Terminology and Metrics

e Residuals

— Difference between predicted values and actual values
values

— Predicted value for example i is: & = hg (x(i))
— RO — ‘y(i) — y(i)‘ = |y® — (6, + ;xD)]
e Residual Sum of Squares (RSS)

— RSS =¥ RV =3[y® — (8, + ;x|
e Residual Standard Error (RSE)

—RSE = [*2

n—2

— RSE? is a measure of variance of the model »



Interpretation

A

) .

E Residual
> vertical offset
7

c

o

-]

v

o

-

\

~ ININGING Slope

8, Intercept

x (explanatory variable)

hg(x) =0, + 6,1x
MSE= — 37, (hg (x®) — y @)

17



Intuition on MSE

T

1 i)) )
J(8) = — 3 (he (m(,)/ _ ))

=1
For insight on J(), let’s assume = € R so 6 = [0, 0]
ho () J(61)
(for fixed 61, this is a function of x) (function of the parameter 01)
he () 3 T
7
6, — 1 J(01)
1 =

Fix 90 =0

18



Intuition on cost function

| 2
_ - @:)) _ m)
JO) = - Z; (h,g (a: y
For insight on J(), let’'s assume =z € R so 6 = [#, 6]
hy(x) J(01)
(for fixed €1, this is a function of x) (function of the parameter 01)
3T X hg(x) 3T
7 =
Y J(Ql}
1 =

Based on example J([O’ []5]) = [(05 — 1)2 — (1 — 2)2 + (15 — 3)2] ~ 0.58

by Andrew Ng

19



Intuition on cost function

Ty

Jo) = 1 3 (he (3_;.@:)) _ y(a))Q

n 1=1
For insight on J(), let’s assume = € R so 6 = [0y, 4]
hg(x) J(61)
(for fixed 01, this is a function of x) (function of the parameter 64)

- h 3
3 X ho() 7([0,0]) ~ 2.333
2 T X 2
V J(61)
1 =+ X 1 J() is concave
0 1 2 3 -05 0 05 1 15 2 25
X 6

Based on example
by Andrew Ng
20



100

Cost function

21



Relation between h and |

he(x) J(6y,01)

(for fixed g, 4, this is a function of x) (function of the parameters 8, 0;)

Price $ (in 1000s)

100+ Training data el | \'\\
— Current hypothesis el | \
0 1 1 T T L L | 1 N
1000 2000 3000 4000 ] 500 ' 1000 1500 2000
Size (feet?) th
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Relation between h and |

ho (5‘7) J(Qm 91)
(for fixed 6, 64, this is a function of x) (function of the parameters 6, 64)
700
600(
— 500¢
=
=
= 400
k=
# 300
ot
& 200f
100} Training data \
— Current hypothesis \
1000 2000 2000 4000 100 500 0 500 1000 1500 2000
Size (feet®) to
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Relation between h and |

hg(x)

(for fixed 0, 01, this is a function of x)

700

600+

o
=
=

I
=
=1

Price $ (in 1000s)

]
=
=

1007

{21
fa]
]

1000

— Current hypothesis

Training data

2000 3000 4000

Size (feetzj

|

J (6, 01)

(function of the parameters 6, 64)

™~

0

500
o

1000 1500 2000
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Relation between h and |

hg (:II) J(Q(}a 91)
(for fixed 0y, 0, this is a function of x) (function of the parameters 6, 6)
700 - - - 0.5
600/
- 500
o
3
= 400
ks
# 300
2
& 2007 .
N\ AN
1007 Training data A
- 1 | \
— Current hypothesis \
0 1 1 I I ) | , W
-0.5 :
1000 2000 3000 4000 1000 500 0 500 1000 1500 2000

Size (feet?) Oy

How to find optimal model
parameters 6 to minimize cost J?
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Simple linear regression

 DatasetxWe R,y € R, hy(x) =0, + 6,

- 0x W — y(i))z loss

1
£ J(0) = 1376, -
aJj(6) 2

690 n
3J(6) 2 -
00, n =19 (6o

e Solution of min loss

==¥i1(60 + 6:xY —yW) =0

4+ Hlx(i) — y(l)) =0

—bp=y — 01 x

ooy x D

_ g = 260000 - T
! N (xD-%)° __ XY

Y n




Hypothesis Testing

[ ]
-
Wy * [
i - i L )
LI BN | - ™
o % IR :‘. L o LT
& ] . . o ] o I
s T sy L3
e = Ul 'J al LA ]
o .
% ] w1, .: ‘ts"“'-'id;. " {[EI -
* -~ -
b L g
o't W e Lt YTt es 2,
E -1 . t__d-rd-'il -‘.' LA .
- = P L
/f'{?t/
o J &
-
.
I ! I I I I
1] 50 100 150 200 250 300
v

* |s there some relationship between X and Y?

* Null Hypothesis: No relationship between Xand Y
* Equivalentto8; =0

e Alternative Hypothesis: There is relationship between X and Y
* Equivalentto8; #0

Coeflicient

Std. error

t-statistic

p-value

Reject Null

Intercept
TV

7.0325
0.0475

0.4578
0.0027

15.36
17.67

< (1.0001
< (1.0001

Hypothesis
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Hypothesis Testing

More likely chservation
A —
P-value

Wery un-likely
observations

Wery un-likely
observations

Probabilty densty

Observed

data |:u:|i|'|t\
*

Set of possible results

A p-value (shaded green areal is the probabilty of an obsarved
(or more extrerme) resut assurming that the null hypothesis is true.

* If the p value is very small, the null hypothesis can

be rejected!
e If the p value is large, we cannot say anything about

the null hypothesis (whether it’s true or not)



How Well Does the Model Fit?

Residual Sum of Squares

— RSS =Y RD =3[y® — (8, + 6,xD)]"

Total Sum of Squares

— Total variance of the response

Proportion of variability in Y that can be explained using X

~ R2=1-22¢70,1]
TSS

Correlation between feature and response
Mooz — TNy — )

Cor(A,Y ) = —— L —.
Viic (@i — 2V i (b — 7)°

For simple regression R? is equal to Cor(X,Y)!

29



v VOV V

QR Data Editor

library (MASS)
fix (Boston)

Lab example

EE=]

crim zZn indus |chas nox rm age dis rad tax ptratio |black lstat |medwv "

1 |0.00&32 |18 2.31 0 0.538 6.575 |685.2 4.09 1 296 15.3 3%6.9 4.98 24

2 |0.02731 |0 7.07 0 0.469 6.421 |78.9 4.9671 2 242 17.8 3%6.9 9.14 21.6
3 |0.02729 |0 7.07 0 0.46€9 7.185 |61.1 4.9671 2 242 17.8 352.83 (4.03 34.7
4 |10.03237 |0 2.18 0 0.458 6.998 |45.8 6.0622 3 222 18.7 3%4.63 (2.94 33.4
5 |0.0€%905 |0 2.18 0 0.458 7.147 |54.2 6.0622 3 222 18.7 3%6.9 5.33 36.2
6 |0.02985 |0 2.18 0 0.458 6.43 58.7 6.0622 3 222 18.7 394,12 (5.21 28.7
7 |0.0882% [12.5 7.87 0 0.524 €.012 |66.6 5.5605 5 311 15.2 385.¢6 12.43 |22.9
8 |0.14455 (12.5 7.87 0 0.524 €6.172 |96.1 5.9505 5 311 15.2 3%6.9 19.15 |27.1
9 |0.21124 (12.5 7.87 0 0.524 5.631 |100 6.0821 5 311 15.2 386.63 [29.93 |16.5
10 (0.17004 |12.5 7.87 0 0.524 €.004 |85.9 6.5921 5 311 15.2 386.71 (17.1 18.9
11 (0.22489 |12.5 7.87 0 0.524 €.377 |94.3 6.3467 5 311 15.2 3%2.52 (20.45 |15

12 (0.11747 |12.5 7.87 0 0.524 6.009 |82.9 6.2267 5 311 15.2 3%6.9 13.27 |18.9
13 |0.09378 |12.5 7.87 0 0.524 5.889 |39 5.4509 5 311 15.2 3%0.5 15.71 |21.7
14 (0.629%7¢ |0 8.14 0 0.538 5.949 |6l.8 4,.7075 4 307 21 3%96.9 8.26 20.4
15 (0.837%¢ |0 g8.14 0 0.538 €6.0%6 |g84.5 4.4619 4 307 21 380.02 (10.26 |18.2
16 [0.62739 |0 8.14 0 0.538 5.834 |56.5 4.45986 4 307 21 395.62 [8.47 19.9
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Simple LR

lm.fit=1lm(medv~lstat,data=E
plot (lstat,medv, pch=2C

i
I — ||
- il
i
= -

abline (lm.fit, lwd=3,col

2y COL
I

=”:,=:.jn 'I

medy

31



™
™

=

plot (

VT

- 1y —

Residual plot

dict(lm.fit), residuals(lm.fit))

plot(lm.fit., which=1)

20

10

Residuals

-10

-20

Residuals vs Fitted

0 ) 10 15 20 25 30

Fitted values
Im(medv ~ Istat)

Estimated responses

32



Simple LR

> lm.fit=1lm(medv~lstat,data=Boston

> summary(lm.fic)

Call:
Im(formula

medv ~ lstat, data
Residuals:

Min
-15.168

1Q Median
-3.9%0 -1.318

3Q
2.034

Coefficients:

Estimate Std. Error
(Intercept) 34.55384 0.56263
lstat -0.95005 0.03873

Vahar

Signif. codes: 0 0.001

\aar

= Boston)
Max
24.500
Coef not zero!
t value|Pr(>|t])
61l.41 <2e-16 ***
-24.53 <2e-1g **=
D08 "W 9.08 Y 0L 7T &

F-Statistic:

Residual standard error:
Multiple R-squared: 0.5441,

6€.216 on 504 degrees of freedom
Adjusted R-squared:

tUl.0 on 1 and ou3%

DF,

D-valucs:

0.5432
< 2.2c-10

RSE = VMSE

R? measures linear relationship between X and Y
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Multiple LR

> Im.fit=1lm(medv~nox+rm+lstat+ptratio+rad+dis,data=Boston
> summary(lm.fit)

Call:
Im(formula = medv ~ nox + rm + lstat + ptratio + rad + dis, d$

Residuals:
Min 10 Median 30 Max
-12.8663 -3.1525 -0.550%9 1.9870 27.1748

Coefficients:
Estimate S5td. Error t wvalue Pr(>|t])
(Intexrcept) 40.61722 5.07480 8.004 8.53e-15 **x»

nox -20.16431 3.57710 -5.637 2.90e-08 **n
rm 4.04507 0.41938 9.645 < 2e-16 ***
lstat -0.591597 0.04846 -12.217 < 2e-1l6 ***
ptratio -1.12748 0.12634 -8.924 < 2e-16 **=
rad 0.05355 0.03682 1.466 0.143

dis -1.19580 0.16840 -7.101 4.2%e-12 ***

Signif. codes: 0 ‘***f Q0,001 “**f Q.01 *** 0,05 '." 0.1 ¥ " 1

Residual standard error: 4.988 on 499 degrees of freedom
Multiple R-squared: 0.7093, Adjusted R-squared: 0.7058

F-Staviscic. ZU3 ol © and 399 DF, p-value: < Z2.2e-10

34



Review linear regression

Simple linear regression: one dimension

Multiple linear regression: multiple
dimensions

Minimize cost (loss) function

— MSE: average of squared residuals

Can derive closed-form solution

—b0p=y —01x
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